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This note attempts to explain the simple intuitions behind the marginalized importance sampling
methods for off-policy evaluation. We will use the algorithms in our recent paper (Uehara and Jiang,
2019) as examples. Everything will be kept minimal (and sometimes informal).

1 MWL

Goal Estimate Rπe := (1− γ)Eπe [
∑∞
t=0 γ

trt|s0 ∼ d0]. d0 and πe are known. Let dπe,γ be the normal-
ized discounted state-action occupancy induced by πe from d0.

Data Each data point looks like (s, a) ∼ µ, r ∼ R(s, a), s′ ∼ P (s, a). Assume µ covers dπe,γ . We will
use exact expectations instead of sample-based approximation for simplicity.

Format of Estimator We want to find w : S ×A → R such that

Eµ[w(s, a) · r] = Rπe . (1)

Define

wπe/µ(s, a) :=
dπe,γ(s, a)

µ(s, a)
.

Note that choosing w = wπe/µ satisfies Eq.(1), but how to learn this function?

Derivation Eq.(1) is equivalent to

Eµ[w(s, a) · r] = (1− γ)Es∼d0 [Qπe(s, πe)]. (2)

Key observation: by Bellman equation,

E[r|s, a] = E[Qπe(s, a)− γQπe(s′, πe)|s, a].

Use the “Q− γQ” term on the RHS to replace r, and Eq.(2) is equivalent to

Eµ[w(s, a) · (Qπe(s, a)− γQπe(s′, πe))] = (1− γ)Es∼d0 [Qπe(s, πe)]. (3)

Of course we do not knowQπe , and this is where function approximation is useful: UseF ⊂ (S×A →
R) to model Qπe , and let’s find w such that

Eµ[w(s, a) · (f(s, a)− γf(s′, πe))] = (1− γ)Es∼d0 [f(s, πe)], ∀f ∈ F . (4)
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Note that adding other functions to F does not hurt, because Eq.(4) always holds for any f when
w = wπe/µ: note that Eµ[wπe/µ(s, a) · (·)] = Edπe,γ [(·)], and under dπe,γ the terms in Eq.(4) telescope
and cancel out nicely.

And that’s it! All you need to do is to use another function classW to model wπe/µ, and find the
best w ∈ W that minimizes the worst (over f ∈ F) violation of Eq.(4).

The realizability conditions on both F and W can be relaxed, which we do not further discuss
here. See Uehara and Jiang (2019) for details.

The original algorithm by Liu et al. (2018) MWL is inspired by and extends the algorithm by Liu
et al. (2018), who use importance weights and value functions of states (instead of state-action pairs)
and requires knowledge of the behavior policy (µ(a|s) in our notation). Their algorithm can be de-
rived similarly, e.g., by noting that reward r can be replaced by V πe(s) − γ πe(a|s)µ(a|s) V

πe(s′). We leave
the derivation as an exercise to the readers.

2 MQL

In Uehara and Jiang (2019) we find that things become more interesting when we flipw and f around.
Consider the same setting as in the previous section, and now let’s try to learn a Q-function for OPE.

Format of Estimator We want to find q : S ×A → R such that

(1− γ)Es∼d0 [q(s, πe)] = Rπe . (5)

Note that q = Qπe satisfies the equation.

Derivation Key observation: for any q,1

(1− γ)Es∼d0 [q(s, πe)]−Rπe = E(s,a)∼dπe,γ [q(s, a)− r − γq(s
′, πe)]. (6)

To prove this identity, note that E(s,a)∼dπe,γ [r] on the RHS is just Rπe , and the remaining terms tele-
scope and cancel out once we rewrite dπe,γ as the discounted sum of distributions.

We can use a function class Q to model Qπe and try to minimize the RHS of Eq.(6). The trouble is
that we do not have access to (s, a) ∼ dπe,γ , but this can be resolved if we have the importance weight
wπe/µ, since the RHS of Eq.(6) is equal to

E(s,a)∼µ[wπe/µ(s, a) · (q(s, a)− r − γq(s
′, πe))].

While we do not know wπe/µ either, we can use another rich function class to model wπe/µ, and find
q ∈ Q that satisfies the equation for all weights in the function class. The rest of the derivation is
similar to MWL.
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1The finite-horizon version of this identity has been given in Jiang et al. (2017, Lemma 1).
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