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Abstract

Planning in MDPs often uses a smaller planning
horizon than specified in the problem to save com-
putational expense at the risk of a loss due to sub-
optimal plans. Jiang er al. [2015b] recently showed
that smaller than specified planning horizons can in
fact be beneficial in cases where the MDP model is
learned from data and therefore not accurate. In this
paper, we consider planning with accurate mod-
els and investigate structural properties of MDPs
that bound the loss incurred by using smaller than
specified planning horizons. We identify a number
of structural parameters some of which depend on
the reward function alone, some on the transition
dynamics alone, and some that depend on the in-
teraction between rewards and transition dynamics.
We provide planning loss bounds in terms of these
structural parameters and, in some cases, also show
tightness of the upper bounds. Empirical results
with randomly generated MDPs are used to validate
qualitative properties of our theoretical bounds for
shallow planning.

1 Introduction

Planning in Markov Decision Processes (MDPs) involves a
lookahead at the consequences of potential action choices us-
ing a computational-model of the transition dynamics and the
reward function components of the MDP. The horizon spec-
ified as part of the planning problem determines how deep
(far into the future) the lookahead has to be. The longer the
planning-horizon the greater the computational effort needed
to compute an optimal policy. To save on this computational
effort, planners often use a smaller than specified planning
horizon; hereafter we refer to this as shallow planning. Of
course, the computation saved by shallow planning comes at
the cost of obtaining a policy that is suboptimal relative to the
optimal policy. Recent work by Jiang et al. [2015b] shows
that when planning with inaccurate models (perhaps learned
from small amounts of data) it can actually be beneficial to
use shallow planning because it avoids overfitting to the noise
in the inaccurate model. In this paper, we focus exclusively
on the setting of planning with accurate models with the goal

of understanding what properties of the MDP help determine
the loss due to shallow planning.

A widely understood but coarse upper bound (see Equa-
tion 2) on the loss due to shallow planning is outlined below;
it is based only on the largest reward in the MDP and does not
exploit any other finer-grained properties of the MDP. In this
paper, we identify a set of structural properties of an MDP
some of which depend on the reward function alone, some
on the transition dynamics alone, and some that depend on
the interaction between rewards and transition dynamics. We
provide planning loss bounds in terms of these structural pa-
rameters and, in some cases, also show tightness of the upper
bounds. Empirical results with randomly generated MDPs
are used to validate qualitative properties of our theoretical
bounds for shallow planning.

2 Planning Setting & Notation

An MDP is specified as a tuple M = (S, A, P, R, Yoval)
where S is the state space; A is the action space; P :
SxAxS — [0,1] is the transition function, and R : Sx A —
[0, Rimax] is the reward function. The evaluation discount fac-
tor, Yeval € [0, 1), determines the effective planning horizon
of the problem (more on this below). The planning task is to
compute an optimal policy, a mapping from states to actions,
that maximizes value, that is the expected sum of future re-
wards discounted by 7eva1 at every time step. Given a policy
m: S — A weuse Vi (s) to denote its value as a func-
tion of the starting state s (with a slight abuse of notation we
will also treat Vi, | as a vector in RIS1). Given an MDP,
there always exists a policy that simultaneously maximizes
the value of all states, and we denote such an optimal policy
as Ty oo

Throughout this paper we will use the phrases “discount
factor” and “planning horizon” interchangeably, since the in-
finite sum of rewards discounted by 7eya) are approximated by
a finite horizon of order O(1/(1 — Yeval)) in online planning
algorithms such as Monte-carlo Tree Search methods [Kearns
et al., 2002]. In practice, to save computational costs a shal-
low planner would use a discount factor v < 7eya) to guide
the planning algorithm in its computation/search of a good
policy. We emphasize that the ultimate goodness of the pol-
icy 7 found by the shallow planner will still be evaluated in
M using veva1. To facilitate analysis we ignore details of spe-
cific shallow planning algorithms and instead assume perfect



planning under v, i.e., we assume the shallow planning al-
gorithm outputs 7y, , the policy that is optimal in M for a
discount factor 7. We define the loss due to shallow planning
as the worst (over all states) absolute difference in value of
the optimal policy 7y, . and 7w, ., 1i.e.,
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Finally, because we only consider planning with accurate
models, hereafter we drop explicit dependence on M in all
notation (for value functions and policies) unless otherwise
specified, for they are all automatically with reference to the
true MDP M.

3 Parameters that Bound Loss

Before we turn to our finer-grained parameters that bound
loss due to shallow planning, we note here that there is a
straightforward bound on loss that comes simply from the
largest reward (this has been explicitly given by Petrik &
Scherrer [2009]; we derive it in Section 3.2 for complete-
ness):

< VYeval — Y

o (1 - 'Yeval)(l - '7)
This bound ignores the role of transitions in determining
value functions, and indeed any other aspect of reward func-
tions but its largest value, and finally any interaction between
rewards and transitions.
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3.1 Value Function Variation Parameter & Loss

We begin with a summary “intermediate” parameter and a
bound on the loss derived from it; later we show how to relate
this summary parameter to several high-level properties of an
MDP that pertain to rewards, transitions, and their interaction.

Definition 1. ., = max. Vo (s) = Vi (s')],
s,s’e

For (environment M and) discount factor  the value-
function-variation parameter, ~., measures the maximal vari-
ation in optimal value between any two states, or equivalently
how much difference the choice of start state can make on the
value an agent can achieve. Note that the quantities in k.
depend only on « and not at all on ~ey .. Next we use this
parameter to bound the loss defined in Equation 1 as follows.

Theorem 1 (Upper-Bound on Loss from - ).

VYeval — 7Y
IS T 1- Veval
Proof. For any policy m, we can write V7 as a linear com-
bination of V7 by decomposing and re-arranging the reward
obtained at each step (see Appendix A.l for details of this
step)l: Vs € S, let e; be the unit vector with the element
indexed by s equal to 1, we have

Vi (8) = €0 3272 Yova [P TRT
= e:VWW + ZZOZI(’Yeval - ’7)7evalk_1esT[Pw]kV'yw7
'All appendices mentioned in this paper are included in an ex-

tended version available at https://sites.google.com/a/
umich.edu/nanjiang/ijcai20l6-horizon.pdf.
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where [P™] is a |:S| x |S| matrix with the element indexed by
(s,s') being P(s'|s,a), and R™ is a |S| x 1 vector with the
s-th element being R(s,7(s)). Now plugin 7> and 75 and
consider the value difference: Vs € S,

e;rvwﬂw) +

V“/?TW (s) = (GZVVW%W -

eval

Vi (s) -

(Yeval — val [P et PV e — T [P |RY)
<el (V7 - Vf:) - 3)
(Yeval — Z Y (T [P PV — €] [PTIRV)
<0+ (’Yeval =) S r Vel By = 12—tk

The first inequality above holds by optimality of 7 for dis-
count factor v and the second 1nequa11ty holds because for any

stochastic vectors p, g, we have [p " VAY —qTV7 g | <k,. O

3.2 Bounding Value Function Variation using
other parameters

Here we develop several structural parameters that bound #..

Rewards-Only Parameters

The first rewards-only parameter is simply the largest reward.
Proposition 1 below shows how it can be used to bound &
(the proof is straightforward and hence omitted) and when
this is applied to Theorem 1 we get the known bound on loss
due to shallow planning in Equation 2.

Proposition 1. k., < Ryax/(1— 7).

The next rewards-only parameter stems from the observa-
tion that if we were able to obtain R, ., immediate reward in
every state, there would be no need to plan ahead. In general,
we show that the loss of shallow planning can be bounded by
the extent to which this criterion is violated.

Definition 2 (Reward Variation).
AR = max, ges |max, R(s,a)

Proposition 2. k., < Ag/(1—7).

— maxy R(s',a’)|.

Proof. The myopic policy s — argmax, R(s,a) yields at
least ming max, R(s,a)/(1 — ) value from any starting

state, which is a lower bound on Vvﬂ”. On the other hand,
any policy and starting state pair cannot have value more than
max, , R(s,a)/(1—), and the proposition follows by com-
bining the two bounds. O

Worst case tightness We show that the planning loss bound
based on Ag by combining Theorem 1 and Proposition 2 is
tight in the worst case (and so is Theorem 1 itself, as a direct
corollary).

Claim 1. For any Ar € [0, Rmax), ¥ € [0,1 — Ar/Rmax)s
Yeval € [V, 1), there exists an MDP M with reward variation
AR, and the loss incurred by using 7y is equal to the bound
given by Theorem 1 and Proposition 2.



(a) Worst-case MDP for
proving Claim 1

(b) Worst-case MDP for
proving Claim 2

Figure 1: MDPs constructed to prove Claim 1 and 2. In both
cases, a is optimal under v and as is optimal under Yeya).
(a) R(Slaal) = Rmax — AR and R(51;a2) = Rmax —
Agr/(1 — ). (b) Dotted arrows represent stochastic transi-
tions, and ¢ = 1 — dp/2. R(s1,a1) = 0 and R(s1,as) =
Y0p Rimax/2(1 — 7).

Corollary 1. For any K € [0, Rmax),Y € [0,1), Yeval €
[v, 1), there exists an MDP with value function variation k.,
and the loss incurred by using vy is equal to the bound given
by Theorem 1.

Claim 1 is proved by constructing a two-state MDP illustrated
in Figure 1a, and proof details are deferred to Appendix A.2.

Transitions-Only Parameters

By using structure in the transition probabilities we can get
tighter bounds on .. The next parameter, e-mixing time,
is motivated by the fact that if the MDP mixes fast under a
policy 7, then the value function of 7 has small variation over
the state space. When 7 = 77, the parameter yields a bound
on .~ (explicitly stated in Corollary 2). For ease of technical
presentation we will assume that the Markov Chain induced
by all policies we consider is ergodic (i.e., under any policy,
it is possible to reach any state from any other state).

Definition 3 (e-mixing time). Define the e-mixing time for
policy T as

Tr(e) =inf {T:Vs € S,t > T, ||ej[P“}t — (p’r)TH1 <e}

where p™ is the limiting distribution independent of the start-
ing state.

Proposition 3. For policy m,

max, v eg |V’Yﬂ'(s) - Vryﬂ'(sl)’ < If,i:( (1 _,-YTW(E) +€’yT"(E))-

Corollary 2. iy < Rpax (1 — ~T3 © 4 ey (E))/(l - ).
Proposition 3 can be proved by simply reducing to Propo-
sition 5 after observing that 77 (¢) is a (€ Ryyax /2)-return mix-
ing time for 7 as defined in Definition 5. The actual proof is
deferred to Appendix A.3.
The next transition-only parameter is the stochastic diam-
eter Ty, the longest expected time to travel from one state

to another. If this parameter is small, V5~ must have a
small variation, otherwise we could improve the value of low-
valued states by a non-stationary policy that travels to a high-
valued state first and executes the optimal policy afterwards.

Definition 4 (Stochastic diameter).

ape —~Tm
Proposition 4. «., < L 1Zv Rax.

Proof. 1t suffices to show that for any s,s' € S, V5 " (s') —

w’ 1—~TmM
V'Y’Y(S) S 1ZW

R.x. Since 7'(': is optimal under v, we

can lower bound V, " (s) by the value obtained by starting
at s and following any policy. In particular, consider a non-
stationary policy that first travels to s’ by executing the policy
that achieves the minimum in the definition of T, and then
switch to 7%. Suppose it takes ¢ steps to get to s’ (¢ is a ran-

.7 . . .
dom variable), then the non-stationary policy gives at least

AytVf: (s') value, and
V7 (s) 2 B{y' Va7 (s)} = E{7'}Vy 7 (s)
> IV (o)

> ATV (s) 2 Vy () -

(f(x) = ~® is convex)

Rmax. O

1—yTm
1—y

Transitions-and-Rewards Parameters

Thus far, we have provided parameters of rewards alone and
transitions alone. Here we consider a parameter that captures
the interaction between rewards and transitions, the e-return
mixing time, which measures mixing via the closeness of the
expected reward obtained after a particular time step and that
obtained in the long run.?

Definition 5 (e-return mixing time).
TY(e) =inf {T:Vt > T, |[[PT]'R™ —n"||__ <€},
where scalar ™ is the average reward per step of policy .

Proposition 5.

Runan(1 — /7% (9)) 4 2e4T5(6)
1—7 '
Corollary 3. r, < (Ruax(1—7 426y ) (1),

Proof Sketch of Proposition 5. (full proof in Appendix A.4)
Recall that VT = >77°, 4'~![PT]'""'R™. We keep the first
T?(e) terms in the summation, and approximate the rest of the
terms by 7' ~'n™. Let [V.7]" denote such an approximation.
By the definition of T2 (¢), [V — [VI]| < ey™=(9 /(1 — 7).
On the other hand, forany s, s" € S, [V]]'(s)—[V;]'(s") only
differ in the first TV (¢) terms in the expansion, hence the dif-

max V7 (s) — V7 (s)] <

s,8’€S v

T:}; (5))

ference can be bounded by %T;MRHI&X. The proposition
follows by combining the two sources of difference. O

4 Action Variation

In the preceding section, we looked at structural parameters
of the MDP that bound the loss due to shallow planning, all
via an intermediate quantity x, that characterizes the value
function variation. Yet, there are MDPs with large ., that still
have a small loss. While covering all such cases is outside the
scope of this paper, we cover one such class of MDPs, A nat-
ural class of such MDPs are those where different actions at

“This definition is slightly adapted from Kearns & Singh [2002],
which considered the average reward obtained in first 7" time steps.



the same state have almost identical distributions over next-
states; no deep planning is needed in these MDPs as they are
essentially contextual bandits (except that the contexts are not
ii.d.). We capture this idea by the notion of Action Variation,
and provide an associated loss bound which subsumes Theo-
rem 1.

Definition 6 (Action Variation).

p— . p— . /
Op = max max [|P(s,a) = P(|s,a)l; .

Theorem 2.
§P/2 : KW (’Yeval - 7)
o (1 = Yeva) (1 = Yevar (1 — 5P/2)).
Theorem 2 is a planning loss bound that depends on both
dp and k.; the bound monotonically increases with dp and
reduces to Theorem 1 when d p takes the maximal value 2.
To prove the theorem, we first define the commonality be-
tween two probability distributions, and state a key lemma
w.r.t. this quantity. Note that commonality appears in the mix-
ing time literature for Markov chains in linking the notions of
total variation and coupling [Levin et al., 2009, Section 4.2].

o *
Vi veval _ 1/
Yeval Yeval

Definition 7. Given two vectors p, q of the same dimension,
define comm(p, q) as the commonality vector of p and q,
whose s-th element is comm(s; p,q) = min{p(s), q(s)}.

Fact 1. When p and q are stochastic vectors,
| comm(p, g)[l1 =1 —|lp— qll1/2.

Lemma 1. Suppose p and q are stochastic vectors over S,
VY, m : S — A,

| comm(p" P™,q" P™)[ly > (1 —6p/2)| comm(p, )]
Corollary 4. Forany s € S;my,m3: S = Ak €N,
leS [P™]% — e [P™]"|l1 < 2 —2(1 - dp/2)".

Proof. Use Fact 1 to turn ¢; error into commonality, apply
Lemma 1 & times, and notice that || comm(es, e5)|y = 1. O

Theorem 2 follows straightforwardly from applying Corol-
lary 4 to Equation 3 in the proof of Theorem 1. We only
include the proof to the key lemma below, and the proof of
Theorem 2 is deferred to Appendix A.5.

Proof of Lemma 1. Let P™(s|-) be a column vector of transi-
tion probabilities from each state to s under policy 7, then

comm(s; pT P™,q" P™) = min{p” P™(s]-), ¢ P™(s]-)}
> min{comm(g,p)" P™ (s}, comm(g, )" P™(s]-)}
= comm(s; comm(p,q)' P™, comm(p,q)’ P™).
Define z as comm(p, ¢) normalized so that ||z||; = 1, then
| comm(p' P™, ¢ P™2)]|;
> || comm(comm(p, ¢) ' P™, comm(p, q) " P™)||;
= || comm(p, q) 1| comm(z " P™, 2T P™)|;
= || comm(p, ¢)[1(1 — [T (P™ — P™)]|1/2)
2 || comm(p, g)[}1(1 = 6p/2).

The last step uses the fact that || - ||; is a convex function, and
each row of P™ — P72 has /;-norm bounded by dp. O

(Fact 1)

Worst case tightness We show that Theorem 2 is tight in the
worst case, as we did for Proposition 2.

Claim 2. Forany dp € [0,2], v € [0,1/(1+p/2)], Yeval €
[v, 1), there exists an MDP M with Action Variation equal to
dp and a planning loss of using v equal to the bound given in
Theorem 2.

The claim is proved by constructing a 3-state MDP illustrated
in Figure 1b, and the proof is deferred to Appendix A.6.

S Empirical Illustrations

Our theoretical results translate various structural properties
of an MDP onto a smooth upper-bound on the loss due to
shallow planning. But what does the actual loss look like in
any particular MDP? We know that the loss curve as a func-
tion of v should be piecewise constant. This is because as we
lower 7y from veva1 towards zero, there will be discrete points
at which the optimal policy with respect to v changes, parti-
tioning the discount-factor interval and yielding a piecewise
constant loss curve. This behavior of the loss curve is con-
sistent with Blackwell optimality [Hordijk and Yushkevich,
2002], which asserts that at the extreme end near v = 1 the
loss curve is constant with value 0. This is seen in the 4 pan-
els of Figure 2 where we plot the loss as a function of 7 (see
caption for additional details; we describe how the specific
MDPs were generated below). What is perhaps interesting
is that the loss curves are not always non-decreasing with in-
creasing . The loss-curve in the bottom-right panel is clearly
non-monotonic. The graph on the right of Figure 2 shows a
simple MDP where it is easy to see how the loss can be non-
monotonic as a function of . Thus, loss-curves as a function
of v in any specific MDP can be complex and hard to predict
using only high-level structural properties.

A useful way to illustrate the empirical validity of our
monotonic theoretical results is to consider “average” loss
curves by sampling MDPs from some distribution. Intuitively
averaging multiple piecewise constant loss curves from per-
turbed MDPs should yield smooth loss curves (this is a form
of smoothed analysis [Spielman and Teng, 2009]). Specif-
ically, the results presented below will be of the follow-
ing form. We will sample MDPs from multiple different
generative-distributions defined in Section 5.1. Using pro-
cedures defined in Section 5.2, for each random MDP we
will compute the empirical value of the loss and the struc-
tural properties defined in Section 3.2 and 4. Then to show
that the structural properties matter we group their values into
quantiles and plot an average loss curve for each quantile by
averaging the loss curves over the MDPs that fall into that
quantile. As we discuss below we get the qualitative phe-
nomenon expected from our theoretical results.

5.1 Domains Specification

We consider random MDPs with N states and 2 actions, gen-
erated according to the following schemes.

1. Random topologies: Each state-action pair is randomly
assigned d possible next-states, where d is chosen ac-
cording to one of the following:

fixed (N, d): dis a fixed number.



binom (N, p): d is binomially distributed as B(N, p).

2. Ring topology ring (N, p): the N states form a ring.
Upon taking action 1 at a state, the agent either stays at
the same place or moves to the next state in clockwise or-
der; the same for action 2 except that the agent moves in
a counter-clockwise order. In addition, for each (s, a, s)
where s is not next to s’, with probability p we add s’ as
a next-state for (s, a).

Once the connectivity-structure of an MDP is determined as
above, we fill the non-zero entries in the transition probabili-
ties and the rewards with numbers drawn independently from
U]0, 1] and normalize the transition probabilities.

5.2 Computing Structural Parameters

We compute the quantities that our theoretical results refer to
for every random MDP that we generate. Below is the list of
quantities and how we compute them in practice:

1. Relative loss:

o o o
ma (Vs (5) = Vi (s) ) / Vo™ (s).
ses

This is the empirical version of Equation 1, with a nor-
malized magnitude between [0, 1].

2. Reward variation: we use Ag/max, , R(s,a) as the
empirical version of Ag.

3. e-mixing time: we compute Ty (€) by its definition in
Proposition 3 with € = 0.01,7 = 77 . An imple-
mentation detail is that, we only search 50 steps for
T, (€) instead of checking an infinite number of steps,
which is sufficient for the MDP distributions we con-
sider in this paper. Formally, the empirical version
of Tr(e) is inf {T" < 50 : Vs € ST < t <
50, el [P = ()|, < e}

4. Stochastic diameter: to avoid the difficulty of calculat-
ing the stochastic distance between every pair of (s, s'),
we compute its approximation by solving for the optimal
value of an MDP M, for each s’ instead: M,/ has the
same transition function as M except that s’ goes to an
additional absorbing state s”’; there is +1 reward when
transitioning into s”, and 0 everywhere else. Our empir-

Lorsy

ical version of T}y is then max; s log,, ijl - (s) with
v = 0.9999 (in fact, as «y tends to 1, this is equal to Ts
in the limit under mild conditions).

5. e-return mixing time: same as e-mixing time (¢ = 0.01,
checking for 50 steps).

6. Action Variation: we first compute for each s € S
maxgqea ||P(:|s,a) — P(:|s,a’)||; in the definition of
0 p. Instead of taking max over all s, we take the average
to be our empirical version of p.

5.3 Results

We present results for each of the following MDP
distributions: fixed (10, 3), binom(10,0.3), and
ring(10,0.125). For each of the 5 structural param-
eters we have identified, we divide the 10° MDPs sampled
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Figure 2: Left: relative loss as a function of v for 4 MDPs
drawn from fixed (10, 3). In the last graph, loss is not a
monotonic function of . While this may be surprising, it is
actually easy to construct a simple MDP where this is true
(see right). Right: a small MDP where planning loss is non-
monotonic in v when ey, 1 close to 1; all transitions are de-
terministic and the numbers on the edges represent rewards;
€ is a small number close to 0. The left action is optimal for
Yeval close to 1, and is taken when v = 0; when v = 2e,
however, the agent will take the right action.

from each distribution into 3 quantiles, and plot the relative
loss averaged over each quantile of MDPs in Figure 3, where
rows correspond to MDP distributions and columns corre-
spond to identified parameters.Throughout the experiments
We US€ Yeval = 0.995 and v = 0,0.01,...,0.99.

As seen in Figure 3, although the loss for individual MDPs
are piecewise constant curves and can have complicated
shapes (see Figure 2), when averaged over a distribution over
MDPs we get smooth loss curves monotonically decreasing
with . Secondly, for each parameter, the loss curves for dif-
ferent quantiles are separated and exhibit the order predicted
by our theoretical results (except in a few cases where the
separation is not significant): all our bounds are monotoni-
cally increasing with the parameters, and in the results we see
the loss curves corresponding to higher quantiles stay above
those for lower quantiles, which validates our theoretical re-
sults.

6 Related Work

The simple bound obtained by combining Theorem 1 and
Proposition 1 is very similar to that given in [Kearns et al.,
2002] where a discrete horizon is used instead of a continu-
ous discount factor, and similar results have been implied in
the convergence of value iteration [Sutton and Barto, 1998].
When planning with an inaccurate model under the problem
specified horizon, the dependence of loss on planning hori-
zon is well understood, especially when the model inaccuracy
is due to statistical estimation errors [Mannor et al., 2007;
Maillard et al., 2014] or approximation errors due to the
use of function approximators [Ravindran and Barto, 2004;
Taylor e al., 2009; Farahmand et al., 2010], or the combina-
tion of the two [Paduraru et al., 2008; Jiang et al., 2015al.
The papers mentioned above do not address the setting
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Figure 3: Experiment results on random MDPs. Each figure displays the relative loss as a function of ~, averaged over a par-
ticular distribution of MDPs (see distribution names at the right end and their descriptions in Section 5.1) in different quantiles
partitioned according to a particular parameter (see parameter names at the top and their descriptions in Section 5.2). The loss
curves are all well separated with an expected order, except for e-mixing time and stochastic diameter with £ixed (10, 3),

and action variation with ring (10, 0.125).

where 7 < 7eval, and as far as we know, Petrik & Scher-
rer [2009] were the first to examine this setting in the partic-
ular scenario where approximation schemes are deployed in
dynamic programming. More recently, Jiang er al. [2015b]
studied another important scenario where there exists statis-
tical estimation error in the model. In both these papers, the
focus is on how the (negative) impact of model error grows
as -y increases; to obtain the best planning quality, such an
impact has to be traded-off with the loss incurred by using
~ when planning with a perfect model, and their treatments
for this loss were primary. Characterizing such a loss using
structural properties of the MDP is exactly the topic of our
paper, and we believe our study complements that of Petrik
& Scherrer and Jiang et al., and provides a more complete
picture of planning with smaller than specified horizons.

The structural parameters identified in this paper are in-
spired by some existing work: the notion of mixing times is
often used in average time reward MDPs, e.g., [Kearns and
Singh, 2002; Brafman and Tennenholtz, 2003], and a term
similar to our definition of stochastic diameter is defined in
[Tewari and Bartlett, 2008]. As far as we know, the other two
parameters (reward variation and action variation), as well as
the application of all of these parameters to bounding plan-
ning loss of shallow planning, are novel.

7 Conclusions

In this paper we presented multiple high-level structural prop-
erties of MDPs that upper-bound the loss due to shallow plan-
ning with accurate models. Empirical results validated the
role of these properties using a form of smoothed analysis.

Our theoretical results are also relevant to the setting of
planning with inaccurate models learned from data as fol-
lows. As shown in Jiang et al. [2015b] an upper bound on
the loss due to shallow planning with inaccurate models can
be decomposed into two terms, an estimation error term that
captures the loss due to the limited amount of data used to
learn the model, and an approximation error term that cap-
tures the loss due to shallow planning. Our theoretical results
can be viewed as providing structural parameters that affect
the approximation error term.

Finally, our work provides the theoretical foundation
for developing MDP planning algorithms that automatically
choose an appropriate horizon. In fact, direct corollaries of
our theory already offer some guidance on how to make such
a choice: for example, if one has planned with a relatively
small ~y, he/she can read-off the variation of the resulting
value function (which is ) and infer a loss bound via The-
orem 2. If the loss is affordable, he/she can choose not to
re-plan with a larger ~y in order to save computation. There is
more work to be done towards a practical algorithm, and we
leave this possibility for future exploration.
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A Proofs
A.1 Full proof of Theorem 1
First notice that

’Yevalo = ’70
chall == ’Yl + (Pchal - 7)

'Yeva12 = '72 + 7('7eva1 - ’Y) + "Yeval('yeval - ’7)

=7 + 7 (Yeval = 7) + 7 Yeval (Yeval — ) + -

+ "Yevalk71 ("Yeval - 7)

k
Veval

On the right-hand side of the equations, each column of the
array forms a geometric series with ratio . This means that
for any policy 7, we can decompose V7 into a linear com-
bination of V.7 by decomposing and re-arranging the reward
obtained at each step. In particular, Vs € S, let e, be the unit
vector with the element indexed by s equal to 1, then

V'YZval (5)

=e, Z’Yeval P7T t— 1R7T
t=1
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t=1 t=1
o0
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= e;‘rvvﬂ- + (fyeval - 'Y)e:r UDW]‘/,;r +
+ (Yeval — ’Y)’Yevalkflez [P“}kvvﬂ o,

where [P™] is a |\S| x |S| matrix with the element indexed by
(s,s') being P(s'|s,a), and R™ is a |S| x 1 vector with the
s-th element being (s, 7(s)). Now plugin 7> and 73 and
consider the value difference: Vs € S,
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The first inequality above holds by optimality of 7 for dis-
count factor v and the second 1nequa11ty holds because for any

stochastic vectors p, ¢, we have [p " VW —qTV,Y g | <ky.o O

A.2 Proof of Claim 1

Prove by construction: consider a two-state MDP where so
is absorbing with reward R,,.x; $1 has two actions, with aq
absorbing giving reward R(s1,a1) = r (r is a real num-
ber to be set later), and ay transitioning to so with reward
R(s1,a2) = (r — YRmax)/(1 — 7). It is easy to verify that
R(s1,a2) < R(s1,a1), hence Agp = Rpax — . We check
the loss at sq: the MDP is designed so that 7 | (s1) = as

(Rmax_r) (’chal _’Y)
(1= (0—=Yeva1) ’
which is exactly equal to the bound since R“1“¢ Agr/(1-—

v) = Ke. O
A.3 Proof of Proposition 3

We reduce Proposition 3 to Proposition 5 (presented below):
if 7 has e-mixing time 7T, (¢) w.r.t. p™, we have for any ¢t >
Tr(e),s €S,

led [PTI'R™ — ™| = [eJ [PT]'R™ — (p7) " R”|
< Hes [Pﬂ—] (pﬂ—)Tul Rmax/2 = 6-Rmax/2~

Therefore T (€) is also an (€ Ryax/2)-return mixing time for
m, and applying Proposition 5 the result follows. O

and 77 (s1) = a1, and the loss of using v is

A.4 Proof of Proposition 5
Let V: =V - ”(
by a state-independent constant. For any s, s’ € S,

77 which is the value function offset
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A.5 Proof of Theorem 2

We first prove a helping lemma widely used in MDP approx-
imation literature.

Lemma 2. Given stochastic vectors p,q € RI°|, and a real
vector V with the same dimension,

PV —q"V|I<|p—al max |V (s) — V(s')[/2.

Proof. Let ¢ = (max, V(s) + min, V(s))/2,

PV =g VI=Ip" (V=) =q"(V-0)
<|lp — q|l1]|]V — ¢|| o (Holder’s inequality)
= lIp — gl max [V(s) = V(s")| /2. =

Proof of Theorem 2. The proof follows from the proof for
Theorem 1 up to Equation 3. The k-th term in the summation
is (ignoring a factor of (Yeval — )Veval” ! for the moment):

(] [Poet PV — T [PT]RVET)
2
\ o

(2—2(1—-3p/2)") Ky /2.

., we have the loss bounded by

IN

(Lemma 2)
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Summing over k = 1,2, ..

Zzozl(’yeval - V)Vevalkil (1 - (1 - (513/2)'Ic),‘<6,y

_ Yeval — 7 ('Yeval - 7)(1 - 5P/2)
= Y Koys
1- VYeval 1- 'Veval(l - 5P/2)
which is the RHS of the bound after simplification. O

A.6 Proof of Claim 2

We construct the following 3-state MDP (see Figure 1b): sq
and ss are absorbing with rewards R.,.x and O respectively;
consequently Ky = Rmax/(1 — ). For s, there are two
actions a; and as, with reward and transition rules as fol-
lows: given a real number ¢ € [0,1] to be set later, we
set R(s1,a1) = 0, R(s1,a2) = (1 — ¢)Rmax/(1 — 7).
and P(s1|s1,a1) = P(s1]s1,a2) = ¢, P(s2|s1,a1) =
P(s3|s1,a2) = 1 — ¢. In this MDP, we have 6p = 2 — 2¢,
so we can manipulate 0 p by setting ¢ = 1 — §p/2; also, both
actions in s; are equally good under v but 73 (s1) = a1,
and the loss is

7eval(1 B C)Rmax 7(1 B C)Rmax
(1 = Yeval)(1 = Yeval) (1 =79)(1 = ¢Yeval)
_ (1= )(Yeval = 7)Pmax
- (1 - ’Yeval)(l - ’Yevalc)(l - 7)
B 0P /2(Yeval = V) K~
(= Yeval) (1 = Yevar(1 = 0p/2))’
which is just the RHS of the bound. O

B Empirical results including the
distributions of the identified parameters

In this section we present the results shown in Figure 3 to-

gether with the distribution of the identified parameters. The

left columns of Figure 4, 5, and 6 are exactly the rows of

Figure 3, and the right columns show the distribution of each

parameter in each of these MDP distributions.
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Figure 4: Results on random MDPs drawn from

fixed (10, 3). The left column shows the relative loss av-
eraged over MDPs in different quantiles partitioned according
to each of the parameters (see the list in Section 5.2), and the
right column shows the distribution of the parameters. For
this distribution of MDPs (fixed (10, 3) ), the loss curves
are well separated with an expected order for all the parame-
ters except e-mixing time and stochastic diameter.
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Figure 5: Results on random MDPs drawn from

binom (10, 0.3). The left column shows the relative loss
averaged over MDPs in different quantiles partitioned accord-
ing to each of the parameters, and the right column shows the
distribution of the parameters. For this distribution of MDPs
(binom (10, 0.3)), the curves are all well separated with
an expected order.
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Figure 6: Results on random MDPs drawn from

ring (10, 0.125). The left column shows the relative loss
averaged over MDPs in different quantiles partitioned accord-
ing to each of the parameters, and the right column shows the
distribution of the parameters. For this distribution of MDPs
(ring (10, 0.125)), the curves are all well separated with
an expected order except for action variation.



