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Generalization for value-based batch RL

• We studied using abstractions to generalize in large state spaces 
• Abstractions correspond to “histogram regression” in supervised 

learning—the most trivial form of generalization 
• Can I use XXX for value-based RL? 

• Linear predictors? 
• Kernel machines? 
• Random forests? 
• Neural nets??? 
• … 

• What you really want: Reduction of RL to supervised learning.



Revisiting value iteration

• Recall the value iteration algorithm:  

• where  

• i.e.,  

• What we want: a function in the form of  

• ,        

• How to obtain ? Squared-loss regression!!! 
• Fitted-Q Iteration [Ernst et al’05] 

 

• F = all functions: FQI = VI in the estimated tabular model 

• F = all piece-wise const functions under abstraction φ: FQI = VI in the 
estimated abstract model

fk ← 𝒯fk−1

(𝒯f )(s, a) = 𝔼r∼R(s,a),s′ ∼P(⋅|s,a)[r + γ max
a′ 

f(s′ , a′ )]

𝒯fk−1 = 𝔼[r + γ max
a′ 

fk−1(s′ , a′ ) | s, a]
𝔼[Y |X]

Y = r + γ max
a′ 

fk−1(s′ , a′ ) X = (s, a)

𝔼[Y |X]
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Special case: MBRL (CE) with φ

• Algorithm: estimate       , and do planning 
 

• Use Value Iteration as the planning algorithm: 
• Initialize g0  as any function in 
•                      . That is, for each x ∈ Sφ, a ∈ A: 

abstract states, we may still have a reasonably large n�(D). Our loss bound will depend on n�(D)

and the approximation error of the representation �, but will not incur any dependence on the sample
size of individual states (which implicitly depends on |S|).

Recall that in the note on tabular RL we studied two approaches to the finite sample analyses of
certainty-equivalence: one through max⇡ kV ⇡

M � V ⇡
cM
k1 (uniform bound of policy evaluation errors)

and the other through kQ?
M � Q?

cM
k. To extend the first approach to the setting of abstractions we

need to assume approximate bisimulation, and to extend the second we only need approximate Q?-
irrelevance. We discuss the second approach in details below, which covers some important desider-
ata that also applies to the extension of the first approach.

Before that, we need a few more notations: Let cM� = (�(S),A, bP�, bR�, �) be the estimated model
using the abstract representation. Let M� = (�(S),A, P�, R�, �) be the following MDP:

R�(x, a) =

P
s̃2��1(x) |Ds̃,a|R(s, a)

|D�(s),a|
, P�(x

0|x, a) =
P

s̃2��1(x) |Ds̃,a|P (x0|s, a)
|D�(s),a|

.

This is essentially the definition of M� in Lemma 3 with px(s) / |Ds,a|. In words, M� is the “expecta-
tion” of cM� w.r.t. the randomness in data. If |Ds,a| gets multiplied by the same constant for all (s, a)
and goes to infinity, M� is what cM� converges to in the limit.

Bounding
���Q?

M � [Q?
cM�

]M
���
1

: We bound it by introducing an intermediate term:

���Q?
M � [Q?

cM�
]M

���
1


���Q?

M � [Q?
M�

]M
���
1

+
���[Q?

M�
]M � [Q?

cM�
]M

���
1

.

We have already bounded the first term on the RHS in Theorem 2 for approximate bisimulations and
Theorem 5 for approximate Q?-irrelevant abstractions, respectively, so it remains to deal with the
second term. Intuitively, cM� converges to M� in the limit, so the second term should go to 0 as n�(D)

goes to infinity, and the fact that � is an inexact abstraction for M is irrelevant here. However, we
cannot argue that data in Dx,a can be viewed as if they were sampled from P�(x, a), since the subsets
of data from different s have independent but non-identical distributions.

Fortunately, Hoeffding’s inequality applies to independent but non-identical distributions, and
we can leverage this property to get around the issue:
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���
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���
1

=
1
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1

.

For each (x, a) 2 �(S)⇥A,

|(TcM�
Q?

M�
)(x, a)� (TM�Q

?
M�

)(x, a)|

= | bR�(x, a) + �h bP�(x, a), V
?
M�

i �R�(x, a)� �hP�(x, a), V
?
M�

i|

=

������
1
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X
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X
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⇣
r + �V ?

M�
(�(s0))�R(s, a)� �hP (s, a), [V ?

M�
]M i

⌘
������
.

If we view the nested sum as a flat sum, the expression is the sum of the differences between random
variables r+ �VM�(s

0) and their expectation w.r.t. the randomness of (r, s0), so Hoeffding’s inequality

10

̂R ϕ(x, a) = 1
|Dx,a |

∑(r,s′ )∈Dx,a
r, ̂P ϕ(x, a) = 1

|Dx,a |
∑(r,s′ )∈Dx,a

eϕ(s′ )

ℝ|𝒮ϕ×𝒜|

gt  TcM�
gt�1
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Rewrite in the original S

• Rewrite the algorithm so that  ft = [gt]M 
• Define                      as the space of all functions over S×A that 

are piece-wise constant under φ with value in [0, Vmax]
• Initialize  f0  as any function in Fφ

• For each s ∈ S, a ∈ A:

F� ⇢ R|S⇥A|
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essentially 
{

“Empirical Bellman update” 
(based on 1 data point)
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Alternative interpretation of the above step 
• Dataset D = {(s, a, r, s’)}
• Apply emp. Bellman up. to ft-1  based on each data point: 

• What does it mean to take average over Dφ(s),a ? 
• Recall: average minimizes mean squared error (MSE) 
• Projection onto Fφ! (think of functions over D) 

 

• … which is, solving a SL regression problem with histogram 
regression Fφ 

⇢✓
(s, a), (r + �max

a02A
ft�1(s

0, a0))

◆�
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X

(r,s0)2D�(s),a

✓
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ft�1(s
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◆
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ft = arg min
f2F�

X

(s,a,r,s0)2D

✓
f(s, a)�

✓
r + �max

a02A
ft�1(s

0, a0)

◆◆2
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We simplified a “regression algorithm” to its corresponding function 
space F 
• Empirical Risk Minimization (ERM); assume optimization is exact; 

does not consider regularization, etc. 
• Will also assume finite (but exponentially large) F

• continuous spaces are often handled by discretization in SLT 
(e.g., growth function, covering number) 

• methods like regression trees have dynamic function spaces 
(and often need SRM); not accommodated 

• A minimal but (hopefully) insightful simplification of supervised 
learning

ft = argmin
f2F

X

(s,a,r,s0)2D

✓
f(s, a)�

✓
r + �max

a02A
ft�1(s

0, a0)

◆◆2
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Fitted Q-Iteration (FQI):  
[Ernst et al’05]; see also [Gordon’95]
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Asynchronous update + stochastic approximation? 
• Assume parameterized & differentiable function:  
• Online regression: randomly pick a data point and do a stochastic 

gradient update:  
 
 
 
 

• If fθ is the tabular function, it’s (tabular) Q-learning 
• If fθ is a neural net, it’s (almost) DQN (Mnih et al.’15) 

• Using a target network is even more similar to FQI

F = {f✓ : ✓ 2 ⇥}
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✓
r + �max

a02A
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0, a0)

◆◆2

= ✓ � ↵

✓
f✓(s, a)�

✓
r + �max

a02A
f✓(s

0, a0)

◆◆
r✓f✓(s, a)
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{Treat as constant; don’t pass gradient
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X
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a02A
ft�1(s
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Fitted Q-Iteration (FQI):  
[Ernst et al’05]; see also [Gordon’95]
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ft = argmin
f2F

X

(s,a,r,s0)2D

✓
f(s, a)�

✓
r + �max

a02A
ft�1(s

0, a0)

◆◆2
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Fitted Q-Iteration (FQI):  
[Ernst et al’05]; see also [Gordon’95]

The argmin step plays two roles: 
1. Denoise the emp update r + γVf (s’) to (T f)(s, a) (w/ inf data) 

• This happens even in tabular setting
2. T f  may not have a succinct representation => find the closest 

approximation in F (i.e., projection) 
• Denote ∏F  as the projection. Dependence on weights over state-

action pairs omitted—determined by data distribution 
• With infinite data, FQI becomes: ft ←∏F  T ft-1



Convergence and Stability

• With infinite data, Q* is a fixed point (as long as Q* ∈ F) 
• Q* ∈ F is called (Q* -)“realizability” 

• CE w/ Q*-irrelevant φ is a special case of FQI—convergence 
guaranteed 

• Doesn’t hold in general: FQI may diverge under Q* ∈ F,  
even with 
• Infinite data 
• Fully exploratory data 
• Linear function class F 
• MDP has no actions (just policy evaluation)

10
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2.1 Counter-example for least-square regression [Tsitsiklis and van Roy, 1996]

An MDP with two states x1, x2, 1-d features for the two states: fx1 = 1, fx2 = 2. Linear Function approximation
with Ṽ✓(x) = ✓fx.

✓k := argmin
✓

1

2
(✓ � target1)

2 + (2✓ � target2)
2

= argmin
✓

1

2
(✓ � �✓k�1fx2)

2 + (2✓ � �✓k�1fx2)
2

= argmin
✓

1

2
(✓ � �2✓k�1)2 + (2✓ � �2✓k�1)2

(✓ � �2✓k�1) + 2(2✓ � �2✓k�1) = 0 ) 5✓ = 6�✓k�1

✓k =
6

5
�✓k�1

This diverges if � � 5/6.

2.2 Convergence of non-expansive approximations

Operator view of Fitted value-iteration. A more general way to interpret fitted value iteration is that you have an

operator MA that takes a value vector vi and projects it into the function space formed by functions of form Ṽ✓.

1. Start with an arbitrary initialization V 0, Ṽ✓0 := MA(V 0).

2. Repeat for k = 1, 2, 3, . . .:

• Ṽ✓i = MA � LṼ✓i�1 .

Now, to match the description earlier, consider operator MA defined as follows: Fit a Ṽ✓ to LṼ✓i�1 by comparing
its values on a subset S0 of states, using a regression technique. And, then return this Ṽ✓ as new function Ṽ✓i in
the output space of MA. Thus, MA is e↵ectively an approximation operator.

Equivalently,

1. Start with an arbitrary initialization v0.

2. Repeat for k = 1, 2, 3, . . .:

• vi = (L �MA)vi�1.

(In an e�cient implementation, ui�1 = MAvi�1 probably has a more compact representation, so the first view may
be better for implementation)

The above view allows us to view fitted value iteration as just value iteration with a di↵erent operator: vi =
Lvi�1 is replaced by Ṽ i = (MA � L)Ṽ i�1. Therefore, as long as the new operator (MA � L) is also �-contraction,

3

credit: course notes  
from Shipra Agrawal



• Dataset D = {(s, r, s’)} looks like (action omitted):  
{(①, 0, ②), (②, 0,③), …, (⑩, 1, end), …, (⑩, 0, end)}

12

A simple example (finite horizon, γ=1)

…
reward: Ber(0.5)

start 1 2 3 4 10

FQI
Iter #1: 

0.501

Iter #2: 

Data: (⑩, 1, end), …, (⑩, 0, end)

Data: (⑨, 0, ⑩)

9

0.5010.501(⑨, 0+0.501)

…

Iter #10: 0.501 0.501 0.501 0.501 0.501 0.501

8

0.501…
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How things go wrong (w/ restricted class)

…
reward: Ber(0.5)

start 1 2 3 4 10

FQI
Iter #1: 

0.501

Iter #2: 

Data: (⑩, 1, end), …, (⑩, 0, end)

Data: (⑨, 0, ⑩)

9

0.502(⑨, 0+0.501)

…

Iter #10: 

8

Function
class

0.5
0.501

0.5
0.502

0.5
0.504

×××…0.5
1.012

×

0.501

0.502 0.501…1.012
!!!

0.756

0.5
0.756

0.5
0.628

× ×

0.628

Realizable

Example given in Dann et al’18
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Intuition for the instability

• Standard VI:   
• FQI keeps things tractable by:  

• ∏F can destroy contraction of ! 
• Preserved only in special cases (e.g., Q*-irrelevant φ) 

• A sufficient condition that fixes the issue  

• whatever  is used, regression is always well-specified 
• Implies realizability for finite class (why?) 
• For piecewise const F, completeness = bisimulation (hw) 
• Not necessarily converge, but will get close to a good solution 

(under additional data assumptions)

ft ← 𝒯fk−1

ft ← Πℱ(𝒯fk−1)

𝒯

fk−1

Bellman completeness (closure)

𝒯f ∈ ℱ, ∀f ∈ ℱ
*introduced by Szepesvari 
& Munos [2005]



0.7560.628
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How completeness fixes the issue

…start 1 2 3 4 1098

Function
class

0.5 0.5
0.628

×

reward: Ber(0.5)

⇢✓
(s, a), (r + �max

a02A
ft�1(s

0, a0))

◆�
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• More generally: issue goes away if the regression problem 
 
 
is realizable with F, for any ft-1 ∈ F

• In finite-horizon setting: the richer function class you use at a lower 
level, the more difficult to satisfy realizability at higher level 

• In discounted setting: F closed under Bellman update—adding 
functions can hurt representation
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Alternative approach

• FQI is an iterative alg in its nature 
• not optimizing a fixed objective function! 
• objective changes as current f changes 

• Alternative: minimize || f - T f || over f ∈ F 
• Is it equivalent to minimizing:

r~R(s,a)
s’~P(s,a)

(omitted in the 
rest of slides)

<latexit sha1_base64="8/3x40epC7yQtV1h2KoCpxSmSjk="></latexit>

E(s,a)⇠µ

⇣
f(s, a)� (r + �max

a0
f(s0, a0))

⌘2
�
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Bellman error minimization

This part is what we want: 
|| f - T f ||, with a weighted 
2-norm defined w/ ν

This part is annoying! 
• Prefer “flat” f 
• Q* is not necessarily flat! 
• 0 for deterministic transitions. Issue is 

only serious when env highly stochastic 

Workaround #1 
• For (s, a)~μ, if we can obtain 2 i.i.d. copies of (r, s’) (copy A & B): 

 

• Only doable in simulators w/ resets…

✓
f(s, a)�

✓
rA + �max

a02A
f(s0A, a

0)

◆◆✓
f(s, a)�

✓
rB + �max

a02A
f(s0B , a

0)

◆◆
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Unbiased estimate 
“double sampling”

<latexit sha1_base64="8/3x40epC7yQtV1h2KoCpxSmSjk="></latexit>

E(s,a)⇠µ

⇣
f(s, a)� (r + �max

a0
f(s0, a0))

⌘2
�

<latexit sha1_base64="duGluEqAPuShnFFLwJcY7Hypaww="></latexit>

= E(s,a)⇠µ

h
(f(s, a)� (T f)(s, a))2

i
+ E(s,a)⇠µ

⇣
(T f)(s, a)� (r + �max

a0
f(s0, a0))

⌘2
�
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Bellman error minimization

This part is what we want: 
|| f - T f ||, with a weighted 
2-norm defined w/ ν

This part is annoying! 
• Prefer “flat” f 
• Q* is not necessarily flat! 
• 0 for deterministic transitions. Issue is 

only serious when env highly stochastic 

Workaround #2 
• Estimate the 2nd part, and subtract it from LHS 
• Antos et al’08:

<latexit sha1_base64="8/3x40epC7yQtV1h2KoCpxSmSjk="></latexit>

E(s,a)⇠µ

⇣
f(s, a)� (r + �max

a0
f(s0, a0))

⌘2
�

<latexit sha1_base64="duGluEqAPuShnFFLwJcY7Hypaww="></latexit>

= E(s,a)⇠µ

h
(f(s, a)� (T f)(s, a))2

i
+ E(s,a)⇠µ

⇣
(T f)(s, a)� (r + �max

a0
f(s0, a0))

⌘2
�

<latexit sha1_base64="jp43XDGoTlaA0uaEjFbKVeTSPQI="></latexit>

E(s,a)⇠µ

"✓
f(s, a)�

✓
r + �max

a02A
f(s0, a0)

◆◆2
#
�min

g2G
E(s,a)⇠µ

"✓
g(s, a)�

✓
r + �max

a02A
f(s0, a0)

◆◆2
#
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Bellman error minimization

• Fix any f , the first squared error is constant; second square is a 
regression problem w/ Bayes optimal being T f 

• So, if G is rich enough to contain T f  for all f, this works! 
• and w/ a consistent optimization objective, unlike FQI 

• If G is not rich enough, may under-estimate the Bellman error of 
some f (subtracting too much) 

• FQI: When G=F, this is just Bellman completeness again!

<latexit sha1_base64="+DHJzoi6HBDCAaWbt76lapOLTpw="></latexit>

argmin
f2F

max
g2G

 
E(s,a)⇠µ

"✓
f(s, a)�

✓
r + �max

a02A
f(s0, a0)

◆◆2

�
✓
g(s, a)�

✓
r + �max

a02A
f(s0, a0)

◆◆2
#!
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One last assumption: data

• Recall that data needs to be exploratory for batch RL 
• What does it actually mean? 

• tabular: relatively uniform over state space 
• abstraction: relatively uniform over abstract state space 
• large/continuous state space: uniform? in what measure??
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Assumption on data: “Concentrability”

Self Introduction
Research Topic: Information-Theoretic Considerations in Batch RL
Selected Paper: Liu, Qiang, et al. Breaking the Curse of Horizon

Overview
Problem Setting
Assumptions
Results

Mild Distribution Shift

Divergence (ratio) between two distributions d⇡(s, a)/µ(s, a) is
upper bounded by a constant C (“concentratability”)

Distribution

State(!)× Action(#)

Data distribution: %(!, #)
Distribution induced by
arbitrary policy ( in the 
class: )* !, #

Figure 2: Distribution Shift

Jinglin Chen Artificial Intelligence Ph.D. Qualifying Exam

S x A

µ: data distribution
Distribution induced 

by any policy π

• Let C be a uniform upper bound on the density ratio 
• Assumption: C is small (= allow polynomial dependence on C) 
• Previous exponential lower bound is “explained away” by an 

exponentially large C

*introduced by Munos’05



…hidden state

rendered image

22

⇡ 2 ⇧F⇡ 2 ⇧F

Concentrability: when is it small?

Connections to the assumptions 
needed for efficient exploration 

[Jiang et al’17]

Markovian high-
dimensional 
observation
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Remainder of this part

Prove the poly(H, log|F|, C) result for FQI
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Remainder of this part

Prove the poly(H, log|F|, C) result for FQI
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• Assumption so far: data is exploratory (e.g., ) 

• Challenge: real-world data often lacks exploration! 
• Data may not contain all bad behaviors 
• Alg may over-estimate their performance

<latexit sha1_base64="ugiTRGwv8jIBbFBL26cc87RaQ3s=">AAACHHicbZDNSgMxFIUz/lv/qi7dBIvgqs6oqEuxG5cVrC00dchk7mgwyQxJRixjH8SNr+LGhSJuXAi+jWntQlsvBD7OuTe5OVEmuLG+/+VNTE5Nz8zOzZcWFpeWV8qraxcmzTWDBktFqlsRNSC4goblVkAr00BlJKAZ3dT6fvMWtOGpOrfdDDqSXimecEatk8LyXkEGlxQa4h4mkt6FBcl4z/F9fOloh8ic3IeEq8R2MRGAa2G54lf9QeFxCIZQQcOqh+UPEqcsl6AsE9SYduBntlNQbTkT0CuR3EBG2Q29grZDRSWYTjHYq4e3nBLjJNXuKIsH6u+JgkpjujJynZLaazPq9cX/vHZuk6NOwVWWW1Ds56EkF9imuJ8UjrkGZkXXAWWau10xu6aaMuvyLLkQgtEvj8PFbjU4qO6f7VeOT4ZxzKENtIm2UYAO0TE6RXXUQAw9oCf0gl69R+/Ze/Pef1onvOHMOvpT3uc32eyibw==</latexit>

max
⇡

kd⇡/µk1  C

How to understand a driving behavior 
is unsafe, if all data are safe?

Data Function approximation

AVI [Munos &  
Szepesvari’08]

API [Antos et al 
’08]

<latexit sha1_base64="DUOnNS5bnWMCqPa0EaZvXgMPyhY=">AAACMHicbVDLSsNAFJ3UV62vqEs3g0VwISVRUZdFQV1W6AuaUCbTSTt0MgkzE6GEfJIbP0U3Coq49SucpEG09cDA4Zx7uWeOFzEqlWW9GqWFxaXllfJqZW19Y3PL3N5pyzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX2V+554ISUPeVJOIuAEacupTjJSW+uaNEyA1woglzRT60KEc/ijX6RFMnPxGIsgghY4fCsTY/BxM+2bVqlk54DyxC1IFBRp988kZhDgOCFeYISl7thUpN0FCUcxIWnFiSSKEx2hIeppyFBDpJnmYFB5oZQB1Gv24grn6eyNBgZSTwNOTWUg562Xif14vVv6Fm1AexYpwPD3kxwyqEGbtwQEVBCs20QRhQXVWiEdIIKx0xxVdgj375XnSPq7ZZ7WTu9Nq/bKoowz2wD44BDY4B3VwCxqgBTB4AM/gDbwbj8aL8WF8TkdLRrGzC/7A+PoGhfyp4w==</latexit>

T f 2 F , 8f 2 F
<latexit sha1_base64="C/CsviR/cVirlEIAAVqinB9A0MY="></latexit>

T ⇡f 2 F , 8f 2 F ,⇡ 2 ⇧

<latexit sha1_base64="GxdbgJZECWRgCC72vyTDERimEuY=">AAACHHicbZC7TsMwFIadci+3AiOLRYXEVBKogLECBkaQKK3UtJHjnLRWHSeyHUSV9kFYeBUWBhBiYUDibXAvA7QcydKn/z/HPv79hDOlbfvbys3NLywuLa/kV9fWNzYLW9t3Kk4lhSqNeSzrPlHAmYCqZppDPZFAIp9Dze9eDP3aPUjFYnGrewk0I9IWLGSUaCN5hePMHV2SSQgG2I3Ig+cmzFA/aBnAhzhoXbp9z2Ui1D3scsAXXqFol+xR4VlwJlBEk7r2Cp9uENM0AqEpJ0o1HDvRzYxIzSiHQd5NFSSEdkkbGgYFiUA1s9FeA7xvlACHsTRHaDxSf09kJFKqF/mmMyK6o6a9ofif10h1eNbMmEhSDYKOHwpTjnWMh0nhgEmgmvcMECqZ2RXTDpGEapNn3oTgTH95Fu6OSs5JqXxTLlbOJ3Eso120hw6Qg05RBV2ha1RFFD2iZ/SK3qwn68V6tz7GrTlrMrOD/pT19QNaxqF/</latexit>

max
⇡

kd⇡/dDk1  C
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Data with insufficient coverage

• Policy optimization:  

• Qπ: value function; s0: initial state; Π: policy class 

• Considerations in estimating  ?

<latexit sha1_base64="pUHZbj9Dh4X3VynGkxYseEUpFsg=">AAACGXicbZBNS8MwGMfT+TbnW9Wjl+AQJshoZagIwtCLeNrAvcBaS5plW1ialiQVR9nX8OJX8eJBEY968tuYbj3o5h8Cv/yf5yF5/n7EqFSW9W3kFhaXllfyq4W19Y3NLXN7pynDWGDSwCELRdtHkjDKSUNRxUg7EgQFPiMtf3iV1lv3REga8ls1iogboD6nPYqR0pZnWg4SfSdAD17iRBQ6lEOnRsfwpqSvh/D8AtbvNJWkZx3B1PLMolW2JoLzYGdQBJlqnvnpdEMcB4QrzJCUHduKlJsgoShmZFxwYkkihIeoTzoaOQqIdJPJZmN4oJ0u7IVCH67gxP09kaBAylHg684AqYGcraXmf7VOrHpnbkJ5FCvC8fShXsygCmEaE+xSQbBiIw0IC6r/CvEACYSVDrOgQ7BnV56H5nHZPilX6pVi9TKLIw/2wD4oARucgiq4BjXQABg8gmfwCt6MJ+PFeDc+pq05I5vZBX9kfP0AyA6ePw==</latexit>

argmax
⇡2⇧

J(⇡) := Q⇡(s0,⇡)

<latexit sha1_base64="SWHdjZOlvh8Uvje/LqZnpNzMXDU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiRT0WvYinCvYDmlA2m2m7dLMJu5tKCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpBwprTjfFuFtfWNza3idmlnd2//wD48aqk4lRSaNOax7AREAWcCmpppDp1EAokCDu1gdDvz22OQisXiUU8S8CMyEKzPKNFG6tm298RCGBKd3U8rXsLOe3bZqTpz4FXi5qSMcjR69pcXxjSNQGjKiVJd10m0nxGpGeUwLXmpgoTQERlA11BBIlB+Nr98is+MEuJ+LE0Jjefq74mMREpNosB0RkQP1bI3E//zuqnuX/sZE0mqQdDFon7KsY7xLAYcMglU84khhEpmbsV0SCSh2oRVMiG4yy+vktZF1b2s1h5q5fpNHkcRnaBTVEEuukJ1dIcaqIkoGqNn9IrerMx6sd6tj0VrwcpnjtEfWJ8/LQeTXg==</latexit>

bJ(⇡)

Policy not covered by data

<latexit sha1_base64="U/FI0SAjLmY95VpUgCzWAIWbh7c=">AAACBHicbZC7SgNBFIZnvcZ4W7VMMxiE2IRdCWoZtJFUEcwFskuYnT1JhsxemJlVwpLCxlexsVDE1oew822cbLbQxB8GPv5zDmfO78WcSWVZ38bK6tr6xmZhq7i9s7u3bx4ctmWUCAotGvFIdD0igbMQWoopDt1YAAk8Dh1vfD2rd+5BSBaFd2oSgxuQYcgGjBKlrb5Zch6YDyOi0sa04sTsFDsccCPDvlm2qlYmvAx2DmWUq9k3vxw/okkAoaKcSNmzrVi5KRGKUQ7TopNIiAkdkyH0NIYkAOmm2RFTfKIdHw8ioV+ocOb+nkhJIOUk8HRnQNRILtZm5n+1XqIGl27KwjhRENL5okHCsYrwLBHsMwFU8YkGQgXTf8V0RAShSudW1CHYiycvQ/usap9Xa7e1cv0qj6OASugYVZCNLlAd3aAmaiGKHtEzekVvxpPxYrwbH/PWFSOfOUJ/ZHz+AAD5lwk=</latexit>

bJ(⇡)  J(⇡)

Policy covered by data

<latexit sha1_base64="J/h1YIpRAvXHmQvy+Iys24UoAH8=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCKmCsYEGdikQfUhNVjuO0Vp3Esh2gijqy8CssDCDEyiew8Te4aQZoOdKVjs+5V773eJxRqSzr2ygsLa+srhXXSxubW9s75u5eW8aJwKSFYxaLrockYTQiLUUVI10uCAo9Rjre6Grqd+6IkDSObtWYEzdEg4gGFCOlpb556NxTnwyRShuTisPpCXQQ5yJ+gI3s2TfLVtXKABeJnZMyyNHsm1+OH+MkJJHCDEnZsy2u3BQJRTEjk5KTSMIRHqEB6WkaoZBIN80OmcBjrfgwiIWuSMFM/T2RolDKcejpzhCpoZz3puJ/Xi9RwYWb0ognikR49lGQMKhiOE0F+lQQrNhYE4QF1btCPEQCYaWzK+kQ7PmTF0n7tGqfVWs3tXL9Mo+jCA7AEagAG5yDOrgGTdACGDyCZ/AK3own48V4Nz5mrQUjn9kHf2B8/gB3JZj6</latexit>

bJ(⇡) ⇡ J(⇡)

<latexit sha1_base64="Hmwen3uBxcoBGXu8CZKd/9iKxlM="></latexit>

argmax
⇡2⇧

bJ(⇡) = tight lower bound of J(⇡)

Pessimism in face of uncertainty



<latexit sha1_base64="U/FI0SAjLmY95VpUgCzWAIWbh7c=">AAACBHicbZC7SgNBFIZnvcZ4W7VMMxiE2IRdCWoZtJFUEcwFskuYnT1JhsxemJlVwpLCxlexsVDE1oew822cbLbQxB8GPv5zDmfO78WcSWVZ38bK6tr6xmZhq7i9s7u3bx4ctmWUCAotGvFIdD0igbMQWoopDt1YAAk8Dh1vfD2rd+5BSBaFd2oSgxuQYcgGjBKlrb5Zch6YDyOi0sa04sTsFDsccCPDvlm2qlYmvAx2DmWUq9k3vxw/okkAoaKcSNmzrVi5KRGKUQ7TopNIiAkdkyH0NIYkAOmm2RFTfKIdHw8ioV+ocOb+nkhJIOUk8HRnQNRILtZm5n+1XqIGl27KwjhRENL5okHCsYrwLBHsMwFU8YkGQgXTf8V0RAShSudW1CHYiycvQ/usap9Xa7e1cv0qj6OASugYVZCNLlAd3aAmaiGKHtEzekVvxpPxYrwbH/PWFSOfOUJ/ZHz+AAD5lwk=</latexit>

bJ(⇡)  J(⇡)
<latexit sha1_base64="J/h1YIpRAvXHmQvy+Iys24UoAH8=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCKmCsYEGdikQfUhNVjuO0Vp3Esh2gijqy8CssDCDEyiew8Te4aQZoOdKVjs+5V773eJxRqSzr2ygsLa+srhXXSxubW9s75u5eW8aJwKSFYxaLrockYTQiLUUVI10uCAo9Rjre6Grqd+6IkDSObtWYEzdEg4gGFCOlpb556NxTnwyRShuTisPpCXQQ5yJ+gI3s2TfLVtXKABeJnZMyyNHsm1+OH+MkJJHCDEnZsy2u3BQJRTEjk5KTSMIRHqEB6WkaoZBIN80OmcBjrfgwiIWuSMFM/T2RolDKcejpzhCpoZz3puJ/Xi9RwYWb0ognikR49lGQMKhiOE0F+lQQrNhYE4QF1btCPEQCYaWzK+kQ7PmTF0n7tGqfVWs3tXL9Mo+jCA7AEagAG5yDOrgGTdACGDyCZ/AK3own48V4Nz5mrQUjn9kHf2B8/gB3JZj6</latexit>

bJ(⇡) ⇡ J(⇡)
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Handle two cases simultaneously
• Consider  

• small  implies  if  covers  
• can estimate  (the “minimax” estimator) under 

“Bellman-completeness”  
• Key observation:  is in the set ( ) 
• Pessimistic policy evaluation 

ℱπ
ϵ := {f ∈ ℱ : ∥f − 𝒯πf∥2,μ ≤ ϵ}

∥f − 𝒯πf∥2,μ f(s0, π) ≈ J(π) = Qπ(s0, π) μ dπ

∥f − 𝒯πf∥2,μ
𝒯πf ∈ ℱ, ∀f ∈ ℱ

Qπ Qπ − 𝒯πQπ ≡ 0

̂J (π) := min
f∈ℱπ

ϵ

f(s0, π) ≤ Qπ(s0, π) = J(π)

Policy not covered by dataPolicy covered by data

All members of  have small 
, so  for covered π

ℱπ
ϵ

∥f − 𝒯πf∥2,μ ̂J (π) ≈ J(π)

“Confidence set”/“Version space”
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Data Function approximation

AVI [Munos &  
Szepesvari’08]

API [Antos et al 
’08]

Pessimism [Xie et al 
’21]

<latexit sha1_base64="DUOnNS5bnWMCqPa0EaZvXgMPyhY=">AAACMHicbVDLSsNAFJ3UV62vqEs3g0VwISVRUZdFQV1W6AuaUCbTSTt0MgkzE6GEfJIbP0U3Coq49SucpEG09cDA4Zx7uWeOFzEqlWW9GqWFxaXllfJqZW19Y3PL3N5pyzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX2V+554ISUPeVJOIuAEacupTjJSW+uaNEyA1woglzRT60KEc/ijX6RFMnPxGIsgghY4fCsTY/BxM+2bVqlk54DyxC1IFBRp988kZhDgOCFeYISl7thUpN0FCUcxIWnFiSSKEx2hIeppyFBDpJnmYFB5oZQB1Gv24grn6eyNBgZSTwNOTWUg562Xif14vVv6Fm1AexYpwPD3kxwyqEGbtwQEVBCs20QRhQXVWiEdIIKx0xxVdgj375XnSPq7ZZ7WTu9Nq/bKoowz2wD44BDY4B3VwCxqgBTB4AM/gDbwbj8aL8WF8TkdLRrGzC/7A+PoGhfyp4w==</latexit>

T f 2 F , 8f 2 F
<latexit sha1_base64="C/CsviR/cVirlEIAAVqinB9A0MY="></latexit>

T ⇡f 2 F , 8f 2 F ,⇡ 2 ⇧
<latexit sha1_base64="C/CsviR/cVirlEIAAVqinB9A0MY="></latexit>

T ⇡f 2 F , 8f 2 F ,⇡ 2 ⇧
<latexit sha1_base64="D/bDJarb6zB6ltb1uCWMY2Rja+8=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4qjNS1GWxLlxWsA/otCWTybShmcyQ3BHKtB/gxl9x40IRt36AO//G9LHQ1gOBwznncnOPFwuuwba/rczK6tr6RnYzt7W9s7uX3z+o6yhRlNVoJCLV9IhmgktWAw6CNWPFSOgJ1vAGlYnfeGBK80jewzBm7ZD0JA84JWCkbr6A3ZHfSd2Yd1wNRI3P/M6NO+q6XAYwxK5guGJSdtGeAi8TZ04KaI5qN//l+hFNQiaBCqJ1y7FjaKdEAaeCjXNuollM6ID0WMtQSUKm2+n0mDE+MYqPg0iZJwFP1d8TKQm1HoaeSYYE+nrRm4j/ea0Egqt2ymWcAJN0tihIBIYIT5rBPleMghgaQqji5q+Y9okiFEx/OVOCs3jyMqmfF52LYumuVChfz+vIoiN0jE6Rgy5RGd2iKqohih7RM3pFb9aT9WK9Wx+zaMaazxyiP7A+fwArcpsP</latexit>

kd⇡
?

/dDk1  C

<latexit sha1_base64="GxdbgJZECWRgCC72vyTDERimEuY=">AAACHHicbZC7TsMwFIadci+3AiOLRYXEVBKogLECBkaQKK3UtJHjnLRWHSeyHUSV9kFYeBUWBhBiYUDibXAvA7QcydKn/z/HPv79hDOlbfvbys3NLywuLa/kV9fWNzYLW9t3Kk4lhSqNeSzrPlHAmYCqZppDPZFAIp9Dze9eDP3aPUjFYnGrewk0I9IWLGSUaCN5hePMHV2SSQgG2I3Ig+cmzFA/aBnAhzhoXbp9z2Ui1D3scsAXXqFol+xR4VlwJlBEk7r2Cp9uENM0AqEpJ0o1HDvRzYxIzSiHQd5NFSSEdkkbGgYFiUA1s9FeA7xvlACHsTRHaDxSf09kJFKqF/mmMyK6o6a9ofif10h1eNbMmEhSDYKOHwpTjnWMh0nhgEmgmvcMECqZ2RXTDpGEapNn3oTgTH95Fu6OSs5JqXxTLlbOJ3Eso120hw6Qg05RBV2ha1RFFD2iZ/SK3qwn68V6tz7GrTlrMrOD/pT19QNaxqF/</latexit>

max
⇡

kd⇡/dDk1  C

• Guarantee:  competes with any covered policy  

•  
• Near-optimality follows if  is covered 

• Alternative: pointwise pessimism (construct ) 
• Insert negative bonus in Bellman backup [Jin et al’21] 
• Density estimation + pessimistic in low-density area [Liu et al’20]

̂π = arg min
π∈Π

̂J (π) πref ∈ Π

J( ̂π ) ≥ ̂J ( ̂π ) ≥ ̂J (πref) ≈ J(πref)
π⋆

<latexit sha1_base64="S+3rrbi0LsMAl7OdTLSudQDl1RM=">AAACGnicbVBLS0JBFJ7b0+xltWwzJIGByL0h1VJq01IhH+A1OXc86uDcBzNzCxH9G236K21aFNEu2vRvGh8L0z4Y+M73ncOZ83mR4Erb9o+1srq2vrGZ2Epu7+zu7acODisqjCXDMgtFKGseKBQ8wLLmWmAtkgi+J7Dq9W7GfvUBpeJhcKf7ETZ86AS8zRloIzVTjvvIW9gFTUv3bsQzKgtn1BU4V45G1G2HEoSgKkuhmUrbOXsCukycGUmTGYrN1JfbClnsY6CZAKXqjh3pxgCk5kzgMOnGCiNgPehg3dAAfFSNweS0IT01Soua9eYFmk7U+YkB+Er1fc90+qC7atEbi/959Vi3rxoDHkSxxoBNF7VjQXVIxznRFpfItOgbAkxy81fKuiCBaZNm0oTgLJ68TCrnOecily/l04XrWRwJckxOSIY45JIUyC0pkjJh5Im8kDfybj1br9aH9TltXbFmM0fkD6zvXyO1nw8=</latexit>

bQ⇡(s, a)  Q⇡(s, a) 8s, a


