
Bellman rank and Exploration 
with Function Approximation
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Long-term planning

Generalization Exploration

Bellman equation

Statistical complexity 
(e.g., VC-dimension)

Optimism in face  
of uncertainty

(Dynamic Programming)

(Supervised Learning) (Multi-Armed Bandit)

Approximate DP PAC-MDP

?
✓

✓

3 core challenges of RL
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Random exploration can be inefficient

…

Freeway (one of the Atari games)

visited in 2-H fraction 
of all trajectories

1

2

3

4

H

“Freeway + RL”: https://youtu.be/44CilPmlimQ

https://youtu.be/44CilPmlimQ


Exploration in small state space is tractable 
• Optimize chances for reaching under-visited states 
• Sample complexity = poly(|S|)   (and |A|, H, 1/ε, 1/δ) 

“PAC-MDP” [Kearns & Singh’98] [Brafman & Tennenholtz’02] …
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Generalization 
• Large state space?

“tabular RL”



Exploration 
• Learner gathers own data
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Generalization 
• Large state space?

Systematic exploration in 
large state spaces, at least 
information-theoretically?

?
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Formal Model

• Episodic MDP with horizon H 

• In each episode: for h = 1, …, H, learner 
• observes state feature xh ∈ X    (possibly infinite)  (w.l.o.g. x1 = x0) 

• chooses action ah ∈ A                 (finite & manageable) 
• receives reward rh ∈ R                (bounded) 

• Learning goal: given F such that Q* ∈ F,       (will relax) 
 w.p. 1 - δ, find policy π s.t. J(π*) - J(π) ≤ ε
 using poly(|A|, H, log|F|, 1/ε, 1/δ) episodes.     (can extend to VC-dim)

value 
f (x, a; θ)x, a

θ F = {f(· ; ✓) : ✓ 2 ⇥}

exponential (in H) 
lower bound exists! 

[Krishnamurthy et al’16]
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Proof of lower bound

• Idea: we are allowed unbounded # of states — use a depth-H 
complete tree to essentially emulate MAB w/ |A|H arms 

• Recall that sample complexity lower bound for MAB is #arms/ε2 
• Without function approximation: exponential sample complexity 

for exploration algorithms 
• Remain to show: function approx. does not help
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Proof of lower bound

Show: func. approx. does not help: 
• Let F be the collection of Q* from all MDPs in family 
• log|F| = H log|A|, always realizable 
• In lower bound proof, alg is allowed to specialize to the problem 

family — giving F does not help 
• Bellman-completeness doesn’t help either (construction is similar)

F = {f(· ; ✓) : ✓ 2 ⇥}F = {f(· ; ✓) : ✓ 2 ⇥}
Construction from [Krishnamurthy et al’16]
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Intuition from the lower bound

• Hopeless if policies induce exponentially many state distributions 
that have no overlap & share little in common 

• To circumvent the lower bound,  
we’d like to assume the opposite

F = {f(· ; ✓) : ✓ 2 ⇥}F = {f(· ; ✓) : ✓ 2 ⇥}
Construction from [Krishnamurthy et al’16]



✓

✓

✓

Zoo of RL Exploration

Metric space [Kakade et al’03] 
Abstraction [Li’09] 

(small #abstract states)

✓

XLQR control 
[Ibrahimi et al’12] 
(small #variables)

✓ POMDPs w/ rich observation 
 and reactive value function 

(small #hidden-states)

deterministic dynamics + 
[Krishnamurthy et al’16]✓ ?

Same setup in PSRs 
[Littman et al’02] 

(small system dim.)

?

P(x’|x,a) = x

MDPs w/ low-rank transition matrix 
[Barreto et al’11] 

(small matrix rank)

?

[JKALS’17] 
• All these settings yield low Bellman rank 
• Unified algorithm, polynomial guarantee

10

Worst-case construction

value

hidden 
state

Finite MDPs 
[Kearns & Singh’98] 

(small #states)

✓

F = {f(· ; ✓) : ✓ 2 ⇥}F = {f(· ; ✓) : ✓ 2 ⇥}



• Bellman error of f at (xh, ah) 
 

- Q* has 0 Bellman error for all (xh, ah). 

• Average Bellman error of  f  is the linear combination of its 
Bellman errors over (xh, ah) 
- Weights: distribution over xh induced by policy π. 

 

-                        for all π and h.
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Defining Bellman rank 
Step 1: Average Bellman Error

f(xh, ah)� Erh,xh+1|xh,ah


rh +max

a2A
f(xh+1, a)

�

 ah = argmax f(xh, ·)

Eh(f,⇡) := Ea1:h�1⇠⇡
ah⇠f

[f(xh, ah)� rh �max
a2A

f(xh+1, a)]
<latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit><latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit><latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit><latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit>

Eh(Q?,⇡) = 0
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E(f,⇡, h) := Ea1:h�1⇠⇡
ah⇠f

[f(xh, ah)� rh �max
a2A

f(xh+1, a)]

Defining Bellman rank 
Step 2: Bellman error matrices

f 2 F
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Definition: Bellman rank is an uniform upper bound on 
the rank of matrices                        over h = 1, 2, …, H. 

class of greedy policies 
induced from F:

⇡ 2 ⇧F

⇧F := {x 7! argmax f(x, ·) : f 2 F}

Eh(f,⇡) := Ea1:h�1⇠⇡
ah⇠f

[f(xh, ah)� rh �max
a2A

f(xh+1, a)]
<latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit><latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit><latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit><latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit>

⇥
Eh(f,⇡)

⇤
⇡,f

<latexit sha1_base64="xAIWXLznGAiGSuVrQ0/GiRLkn7A="></latexit><latexit sha1_base64="xAIWXLznGAiGSuVrQ0/GiRLkn7A="></latexit><latexit sha1_base64="xAIWXLznGAiGSuVrQ0/GiRLkn7A="></latexit><latexit sha1_base64="xAIWXLznGAiGSuVrQ0/GiRLkn7A="></latexit>



Tabular MDP: Bellman rank ≤ #states

= x

f 2 F

f 2 F

distribution over states 
induced by π

Bellman error of f 
on each state
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⇡ 2 ⇧F ⇡ 2 ⇧F

E(f,⇡, h) := Ea1:h�1⇠⇡
ah⇠f

[f(xh, ah)� rh �max
a2A

f(xh+1, a)]

Eh(f,⇡) := Ea1:h�1⇠⇡
ah⇠f

[f(xh, ah)� rh �max
a2A

f(xh+1, a)]
<latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit><latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit><latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit><latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit>



“Visual grid-world”: Bellman rank ≤ # hidden states

…hidden state

rendered image

value

conditional independent
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f 2 F

⇡ 2 ⇧F⇡ 2 ⇧F

E(f,⇡, h) := Ea1:h�1⇠⇡
ah⇠f

[f(xh, ah)� rh �max
a2A

f(xh+1, a)]

Eh(f,⇡) := Ea1:h�1⇠⇡
ah⇠f

[f(xh, ah)� rh �max
a2A

f(xh+1, a)]
<latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit><latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit><latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit><latexit sha1_base64="B4E1Tqorivj4k68uwJseLI6DfA4="></latexit>



Q*-irrelevant abstractions
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• Number of abstract states is small 
• Challenge: abstract state does not “block” influence from past 

• Witness statistics: for each possible (x, a, r, x’) 

• Dimension: (#abstract states)2 * (# actions) * (# possible values 
for reward) 
• Reward can always be discretized (and incur a small error)

Pra1:h�1⇠⇡[xh = x, rh = r, xh+1 = x0 | do ah = a]
<latexit sha1_base64="CuEMYC/xG9xcmTEIjGoX98vIjjY="></latexit><latexit sha1_base64="CuEMYC/xG9xcmTEIjGoX98vIjjY="></latexit><latexit sha1_base64="CuEMYC/xG9xcmTEIjGoX98vIjjY="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="YNnEnfwLQ8ut+thbvOsodUejc2Q="></latexit><latexit sha1_base64="YNnEnfwLQ8ut+thbvOsodUejc2Q="></latexit><latexit sha1_base64="fRMclkPNF9p5ytJAPCSq7L5/1mQ="></latexit><latexit sha1_base64="CuEMYC/xG9xcmTEIjGoX98vIjjY="></latexit><latexit sha1_base64="CuEMYC/xG9xcmTEIjGoX98vIjjY="></latexit><latexit sha1_base64="CuEMYC/xG9xcmTEIjGoX98vIjjY="></latexit><latexit sha1_base64="CuEMYC/xG9xcmTEIjGoX98vIjjY="></latexit><latexit sha1_base64="CuEMYC/xG9xcmTEIjGoX98vIjjY="></latexit><latexit sha1_base64="CuEMYC/xG9xcmTEIjGoX98vIjjY="></latexit>



Metric space [Kakade et al’03] 
Abstraction [Li’09] 

(small #abstract states)

✓

B-rank ≤ poly(#abs. states) 

 

Same setup in PSRs 
[Littman et al’02] 

(small system dim.)
B-rank ≤ poly(system dim.) 

MDPs w/ low-rank transition matrix 
[Barreto et al’11] 

(small linear rank)
B-rank ≤ transition-matrix rank  

POMDPs w/ rich observation 
 and reactive value function 

(small #hidden-states)

LQR control 
[Ibrahimi et al’12] 
(small #variables)

✓

Zoo of RL Exploration

X

+ deterministic dynamics 
[Krishnamurthy et al’16]✓
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Worst-case construction

?

?

?

✓

✓

✓P(x’|x,a) = x

POMDPs w/ rich observation 
 and reactive value function 

(small #hidden-states)

B-rank ≤ #hidden-states 

B-rank ≤  
poly(#variables)

Finite MDPs 
[Kearns & Singh’98] 

(small #states)

✓

B-rank ≤ #states 

F = {f(· ; ✓) : ✓ 2 ⇥}F = {f(· ; ✓) : ✓ 2 ⇥}



F1 := F.  // version space                 (Ignoring statistical slackness parameters) 

For iteration t=1, 2, …

• Choose  ft  as the f ∈ Ft that maximizes     

• Estimate the value of πt — the greedy policy of ft.

• If J(πt) ≥ vft  ( ≥ vQ* = J(π*) ), return πt. 

• Estimate                for all f, h.

• Eliminate  f  s.t.                            
⇒ Ft+1 .

f 2 F

≠ 0
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E(f,⇡t, h) > 0, 8h

New algorithm: OLIVE  
(Optimism-Led Iterative Value-function Elimination)

Bellman error matrix

Estimate by MC evaluation

≠ 0 ≠ 0

Eh(f,⇡t)
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≠ 0Eh(f,⇡t) 6= 0, 8h
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vf := max
a2A

f(x0, a)
<latexit sha1_base64="LsSFvtpOpa0DBSlj2EjvZDmNBpM=">AAACKXicbVDLSsNAFJ3Ud31VXboZLEIFKYkIiiBU3bhUsLbQxHAzndihk0mYmRRLyO+48VfcKCjq1h9xUrtQ64GBw7nnPuYECWdK2/a7VZqanpmdm18oLy4tr6xW1tavVZxKQpsk5rFsB6AoZ4I2NdOcthNJIQo4bQX9s6LeGlCpWCyu9DChXgS3goWMgDaSX2kM/Mwdjckk7eZhjo+OsRvBnZ+By4RhukeAZyd5/ttXu7uxdzHs+JWqXbdHwJPEGZMqGuPCrzy73ZikERWacFCq49iJ9jKQmhFO87KbKpoA6cMt7RgqIKLKy0arc7xtlC4OY2me0Hik/uzIIFJqGAXGWVyu/tYK8b9aJ9XhoZcxkaSaCvK9KEw51jEuYsNdJinRfGgIEMnMrZj0QALRJtyyCcH5++VJcr1Xd+y6c7lfbZyO45hHm2gL1ZCDDlADnaML1EQE3aNH9IJerQfryXqzPr6tJWvcs4F+wfr8Akwxp88=</latexit><latexit sha1_base64="LsSFvtpOpa0DBSlj2EjvZDmNBpM=">AAACKXicbVDLSsNAFJ3Ud31VXboZLEIFKYkIiiBU3bhUsLbQxHAzndihk0mYmRRLyO+48VfcKCjq1h9xUrtQ64GBw7nnPuYECWdK2/a7VZqanpmdm18oLy4tr6xW1tavVZxKQpsk5rFsB6AoZ4I2NdOcthNJIQo4bQX9s6LeGlCpWCyu9DChXgS3goWMgDaSX2kM/Mwdjckk7eZhjo+OsRvBnZ+By4RhukeAZyd5/ttXu7uxdzHs+JWqXbdHwJPEGZMqGuPCrzy73ZikERWacFCq49iJ9jKQmhFO87KbKpoA6cMt7RgqIKLKy0arc7xtlC4OY2me0Hik/uzIIFJqGAXGWVyu/tYK8b9aJ9XhoZcxkaSaCvK9KEw51jEuYsNdJinRfGgIEMnMrZj0QALRJtyyCcH5++VJcr1Xd+y6c7lfbZyO45hHm2gL1ZCDDlADnaML1EQE3aNH9IJerQfryXqzPr6tJWvcs4F+wfr8Akwxp88=</latexit><latexit sha1_base64="LsSFvtpOpa0DBSlj2EjvZDmNBpM=">AAACKXicbVDLSsNAFJ3Ud31VXboZLEIFKYkIiiBU3bhUsLbQxHAzndihk0mYmRRLyO+48VfcKCjq1h9xUrtQ64GBw7nnPuYECWdK2/a7VZqanpmdm18oLy4tr6xW1tavVZxKQpsk5rFsB6AoZ4I2NdOcthNJIQo4bQX9s6LeGlCpWCyu9DChXgS3goWMgDaSX2kM/Mwdjckk7eZhjo+OsRvBnZ+By4RhukeAZyd5/ttXu7uxdzHs+JWqXbdHwJPEGZMqGuPCrzy73ZikERWacFCq49iJ9jKQmhFO87KbKpoA6cMt7RgqIKLKy0arc7xtlC4OY2me0Hik/uzIIFJqGAXGWVyu/tYK8b9aJ9XhoZcxkaSaCvK9KEw51jEuYsNdJinRfGgIEMnMrZj0QALRJtyyCcH5++VJcr1Xd+y6c7lfbZyO45hHm2gL1ZCDDlADnaML1EQE3aNH9IJerQfryXqzPr6tJWvcs4F+wfr8Akwxp88=</latexit><latexit sha1_base64="LsSFvtpOpa0DBSlj2EjvZDmNBpM=">AAACKXicbVDLSsNAFJ3Ud31VXboZLEIFKYkIiiBU3bhUsLbQxHAzndihk0mYmRRLyO+48VfcKCjq1h9xUrtQ64GBw7nnPuYECWdK2/a7VZqanpmdm18oLy4tr6xW1tavVZxKQpsk5rFsB6AoZ4I2NdOcthNJIQo4bQX9s6LeGlCpWCyu9DChXgS3goWMgDaSX2kM/Mwdjckk7eZhjo+OsRvBnZ+By4RhukeAZyd5/ttXu7uxdzHs+JWqXbdHwJPEGZMqGuPCrzy73ZikERWacFCq49iJ9jKQmhFO87KbKpoA6cMt7RgqIKLKy0arc7xtlC4OY2me0Hik/uzIIFJqGAXGWVyu/tYK8b9aJ9XhoZcxkaSaCvK9KEw51jEuYsNdJinRfGgIEMnMrZj0QALRJtyyCcH5++VJcr1Xd+y6c7lfbZyO45hHm2gL1ZCDDlADnaML1EQE3aNH9IJerQfryXqzPr6tJWvcs4F+wfr8Akwxp88=</latexit>



F1 := F.  // version space                 (Ignoring statistical slackness parameters) 

For iteration t=1, 2, …

• Choose  ft ∈ Ft  that maximizes  

• Estimate the value of πt — the greedy policy of ft.

• If vπt ≥ vft  ( ≥ vQ* = v* ), return πt. 

• Estimate                for all f, h.

• Eliminate  f  s.t.                            
=> Ft+1 .
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Sample complexity analysis 

Eh(f,⇡t)
<latexit sha1_base64="TPNRv81xvu1AYBCniYjhfP08Nvs=">AAACHHicbVDLSsNAFJ3UV62vqks3g0WoICVRQZdFEVxWsA9oYphMb9qhkwczE6GEfIgbf8WNC0XcuBD8GydtBW09MHA45z7mHi/mTCrT/DIKC4tLyyvF1dLa+sbmVnl7pyWjRFBo0ohHouMRCZyF0FRMcejEAkjgcWh7w8vcb9+DkCwKb9UoBicg/ZD5jBKlJbd8YgdEDSjh6VV2N6im9nhkKqCXYT87wj+CxxPI7Ji5Kjt0yxWzZo6B54k1JRU0RcMtf9i9iCYBhIpyImXXMmPlpEQoRjlkJTuREBM6JH3oahqSAKSTjhdn+EArPexHQr9Q4bH6uyMlgZSjwNOV+Sly1svF/7xuovxzJ2VhnCgI6WSRn3CsIpwnhXtMAFV8pAmhgum/YjogglCl8yzpEKzZk+dJ67hmmTXr5rRSv5jGUUR7aB9VkYXOUB1dowZqIooe0BN6Qa/Go/FsvBnvk9KCMe3ZRX9gfH4DXxKixg==</latexit><latexit sha1_base64="TPNRv81xvu1AYBCniYjhfP08Nvs=">AAACHHicbVDLSsNAFJ3UV62vqks3g0WoICVRQZdFEVxWsA9oYphMb9qhkwczE6GEfIgbf8WNC0XcuBD8GydtBW09MHA45z7mHi/mTCrT/DIKC4tLyyvF1dLa+sbmVnl7pyWjRFBo0ohHouMRCZyF0FRMcejEAkjgcWh7w8vcb9+DkCwKb9UoBicg/ZD5jBKlJbd8YgdEDSjh6VV2N6im9nhkKqCXYT87wj+CxxPI7Ji5Kjt0yxWzZo6B54k1JRU0RcMtf9i9iCYBhIpyImXXMmPlpEQoRjlkJTuREBM6JH3oahqSAKSTjhdn+EArPexHQr9Q4bH6uyMlgZSjwNOV+Sly1svF/7xuovxzJ2VhnCgI6WSRn3CsIpwnhXtMAFV8pAmhgum/YjogglCl8yzpEKzZk+dJ67hmmTXr5rRSv5jGUUR7aB9VkYXOUB1dowZqIooe0BN6Qa/Go/FsvBnvk9KCMe3ZRX9gfH4DXxKixg==</latexit><latexit sha1_base64="TPNRv81xvu1AYBCniYjhfP08Nvs=">AAACHHicbVDLSsNAFJ3UV62vqks3g0WoICVRQZdFEVxWsA9oYphMb9qhkwczE6GEfIgbf8WNC0XcuBD8GydtBW09MHA45z7mHi/mTCrT/DIKC4tLyyvF1dLa+sbmVnl7pyWjRFBo0ohHouMRCZyF0FRMcejEAkjgcWh7w8vcb9+DkCwKb9UoBicg/ZD5jBKlJbd8YgdEDSjh6VV2N6im9nhkKqCXYT87wj+CxxPI7Ji5Kjt0yxWzZo6B54k1JRU0RcMtf9i9iCYBhIpyImXXMmPlpEQoRjlkJTuREBM6JH3oahqSAKSTjhdn+EArPexHQr9Q4bH6uyMlgZSjwNOV+Sly1svF/7xuovxzJ2VhnCgI6WSRn3CsIpwnhXtMAFV8pAmhgum/YjogglCl8yzpEKzZk+dJ67hmmTXr5rRSv5jGUUR7aB9VkYXOUB1dowZqIooe0BN6Qa/Go/FsvBnvk9KCMe3ZRX9gfH4DXxKixg==</latexit><latexit sha1_base64="TPNRv81xvu1AYBCniYjhfP08Nvs=">AAACHHicbVDLSsNAFJ3UV62vqks3g0WoICVRQZdFEVxWsA9oYphMb9qhkwczE6GEfIgbf8WNC0XcuBD8GydtBW09MHA45z7mHi/mTCrT/DIKC4tLyyvF1dLa+sbmVnl7pyWjRFBo0ohHouMRCZyF0FRMcejEAkjgcWh7w8vcb9+DkCwKb9UoBicg/ZD5jBKlJbd8YgdEDSjh6VV2N6im9nhkKqCXYT87wj+CxxPI7Ji5Kjt0yxWzZo6B54k1JRU0RcMtf9i9iCYBhIpyImXXMmPlpEQoRjlkJTuREBM6JH3oahqSAKSTjhdn+EArPexHQr9Q4bH6uyMlgZSjwNOV+Sly1svF/7xuovxzJ2VhnCgI6WSRn3CsIpwnhXtMAFV8pAmhgum/YjogglCl8yzpEKzZk+dJ67hmmTXr5rRSv5jGUUR7aB9VkYXOUB1dowZqIooe0BN6Qa/Go/FsvBnvk9KCMe3ZRX9gfH4DXxKixg==</latexit>

Eh(f,⇡t) 6= 0, 8h
<latexit sha1_base64="gkSnnmfa/868v21lX+yxMEwxbWs="></latexit><latexit sha1_base64="gkSnnmfa/868v21lX+yxMEwxbWs="></latexit><latexit sha1_base64="gkSnnmfa/868v21lX+yxMEwxbWs="></latexit><latexit sha1_base64="gkSnnmfa/868v21lX+yxMEwxbWs="></latexit>

vf := max
a2A

f(x0, a)
<latexit sha1_base64="zUzEIne/DBEjvbvYpW/c7dUQnrg=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoFaTMiKAIQtWNywr2Am0dzqSZNjSTGZJMaRn6Bm58FTcuFHHr1p1vY3pZaOsPgY//nEPO+b2IM6Vt+9tKLSwuLa+kVzNr6xubW9ntnYoKY0lomYQ8lDUPFOVM0LJmmtNaJCkEHqdVr3szqld7VCoWins9iGgzgLZgPiOgjeVmD3uujy8ucSOAvptAgwlDukOAJ1fDoZ/vP9jHGI7cbM4u2GPheXCmkENTldzsV6MVkjigQhMOStUdO9LNBKRmhNNhphErGgHpQpvWDQoIqGom43uG+MA4LeyH0jyh8dj9PZFAoNQg8EznaFk1WxuZ/9XqsfbPmwkTUaypIJOP/JhjHeJROLjFJCWaDwwAkczsikkHJBBtIsyYEJzZk+ehclJw7IJzd5orXk/jSKM9tI/yyEFnqIhuUQmVEUGP6Bm9ojfryXqx3q2PSWvKms7soj+yPn8API2bfw==</latexit><latexit sha1_base64="zUzEIne/DBEjvbvYpW/c7dUQnrg=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoFaTMiKAIQtWNywr2Am0dzqSZNjSTGZJMaRn6Bm58FTcuFHHr1p1vY3pZaOsPgY//nEPO+b2IM6Vt+9tKLSwuLa+kVzNr6xubW9ntnYoKY0lomYQ8lDUPFOVM0LJmmtNaJCkEHqdVr3szqld7VCoWins9iGgzgLZgPiOgjeVmD3uujy8ucSOAvptAgwlDukOAJ1fDoZ/vP9jHGI7cbM4u2GPheXCmkENTldzsV6MVkjigQhMOStUdO9LNBKRmhNNhphErGgHpQpvWDQoIqGom43uG+MA4LeyH0jyh8dj9PZFAoNQg8EznaFk1WxuZ/9XqsfbPmwkTUaypIJOP/JhjHeJROLjFJCWaDwwAkczsikkHJBBtIsyYEJzZk+ehclJw7IJzd5orXk/jSKM9tI/yyEFnqIhuUQmVEUGP6Bm9ojfryXqx3q2PSWvKms7soj+yPn8API2bfw==</latexit><latexit sha1_base64="zUzEIne/DBEjvbvYpW/c7dUQnrg=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoFaTMiKAIQtWNywr2Am0dzqSZNjSTGZJMaRn6Bm58FTcuFHHr1p1vY3pZaOsPgY//nEPO+b2IM6Vt+9tKLSwuLa+kVzNr6xubW9ntnYoKY0lomYQ8lDUPFOVM0LJmmtNaJCkEHqdVr3szqld7VCoWins9iGgzgLZgPiOgjeVmD3uujy8ucSOAvptAgwlDukOAJ1fDoZ/vP9jHGI7cbM4u2GPheXCmkENTldzsV6MVkjigQhMOStUdO9LNBKRmhNNhphErGgHpQpvWDQoIqGom43uG+MA4LeyH0jyh8dj9PZFAoNQg8EznaFk1WxuZ/9XqsfbPmwkTUaypIJOP/JhjHeJROLjFJCWaDwwAkczsikkHJBBtIsyYEJzZk+ehclJw7IJzd5orXk/jSKM9tI/yyEFnqIhuUQmVEUGP6Bm9ojfryXqx3q2PSWvKms7soj+yPn8API2bfw==</latexit><latexit sha1_base64="zUzEIne/DBEjvbvYpW/c7dUQnrg=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoFaTMiKAIQtWNywr2Am0dzqSZNjSTGZJMaRn6Bm58FTcuFHHr1p1vY3pZaOsPgY//nEPO+b2IM6Vt+9tKLSwuLa+kVzNr6xubW9ntnYoKY0lomYQ8lDUPFOVM0LJmmtNaJCkEHqdVr3szqld7VCoWins9iGgzgLZgPiOgjeVmD3uujy8ucSOAvptAgwlDukOAJ1fDoZ/vP9jHGI7cbM4u2GPheXCmkENTldzsV6MVkjigQhMOStUdO9LNBKRmhNNhphErGgHpQpvWDQoIqGom43uG+MA4LeyH0jyh8dj9PZFAoNQg8EznaFk1WxuZ/9XqsfbPmwkTUaypIJOP/JhjHeJROLjFJCWaDwwAkczsikkHJBBtIsyYEJzZk+ehclJw7IJzd5orXk/jSKM9tI/yyEFnqIhuUQmVEUGP6Bm9ojfryXqx3q2PSWvKms7soj+yPn8API2bfw==</latexit>

How many sample trajectories 
needed?

How many iterations???

Run πt for O(1/ε2) episodes — Done.

- Naive: collect data with a1:h-1 ~ πt, ah ~ f  for each f
- |F| samples — too many
- Instead: a1:h-1 ~ πt, ah ~ Unif(A) & Importance Sampling 
- 1 sample of size O(|A|log|F|/ε2) — works for all f simultaneously

Ea1:h�1⇠⇡t, ah⇠f [f · · · ]
<latexit sha1_base64="0uogsEEJ/GeNOO+F75BNb99W7xk="></latexit><latexit sha1_base64="0uogsEEJ/GeNOO+F75BNb99W7xk="></latexit><latexit sha1_base64="0uogsEEJ/GeNOO+F75BNb99W7xk="></latexit><latexit sha1_base64="0uogsEEJ/GeNOO+F75BNb99W7xk="></latexit>
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Sample complexity analysis

Claim: If no statistical errors, #iterations ≤ Bellman rank. 

• All surviving  f  have all-0 columns so far 

• Will show: some f  has “≠ 0” in the next iteration 

• Then: linearly independent rows ⇒ #iterations ≤ matrix rank 

ft  has “≠ 0” unless terminate:  
(recall πt is greedy wrt ft )

f 2 F

≠ 0E(f,⇡t, h) > 0, 8h
≠ 0 ≠ 0

≠ 0

Optimized: vft  ≥ vQ* = J(π*) 

Bellman error matrix

0 <
<latexit sha1_base64="CcGUBEYsHN0avAtwLn5C8nunIZY="></latexit>

vft � J(⇡t) =
P

H

h=1 Eh(ft,⇡t)



Sample complexity of OLIVE
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Bellman rank

Theorem: If              , w.p. ≥ 1-δ, OLIVE returns a ε-optimal policy 
after acquiring the following number of trajectories

Õ

✓
M2H3|A|

✏2
log(|F|/�)

◆

Q? 2 F

x

f 2 Fsurvives if

E(f,⇡t, h) > 0, 8h

B = 2

B



• f  on non-greedy actions never used! 

• Reparametrize: f ⇒ (g, π); F ⇒ G, Π. 

• Bellman equations for policy evaluation 
• Even if π* ∉ Π, can still compete with any π ∈ Π  

whose policy-specific value function is (approx.) in G 
• Allow infinite classes with VC-type dimensions

Ea1:h�1⇠⇡0

ah⇠f

[f(xh, ah)� rh �max
a2A

f(xh+1, a)] = 0

Bellman Equations revisited

21

Ea1:h�1⇠⇡0

ah⇠⇡
[g(xh)� rh � g(xh+1)] = 0



• OLIVE requires solving a constrained optimization problem 
•   
•  ft  = max vf , subject to the constraints. 

• How to access F (or G, Π)? 
• Oracles. E.g., 

• Cost-sensitive Classification for Π ⊂ (X → A)  
Given {(xi ∈ X, ci ∈ RA)}i∈[n], oracle minimizes   

• Linear optimization, squared-loss regression for G ⊂ (X → R) 
• Can we reduce the computation of OLIVE to oracles?

Computational Efficiency 
[Dann+JKALS, arXiv’18]
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f 2 Ft , f 2 F , Eh(f,⇡t0) 6= 0, 8h 2 [H], t0 2 [t� 1]
<latexit sha1_base64="OdPBgELg8NI6DA6InTtdBGpnP9M="></latexit><latexit sha1_base64="OdPBgELg8NI6DA6InTtdBGpnP9M="></latexit><latexit sha1_base64="OdPBgELg8NI6DA6InTtdBGpnP9M="></latexit><latexit sha1_base64="OdPBgELg8NI6DA6InTtdBGpnP9M="></latexit>

Pn
i=1 c

i(⇡(xi))
<latexit sha1_base64="7szj+sjhQsITM8+4Nkw0VGBS92Y=">AAACA3icbVC7SgNBFL0bXzG+Vu20GQyBpAm7NtoIQRvLCOYBySbMTibJkNnZZWZWDEvAxl+xsVDE1p+w0s6fsHfyKDTxwIXDOfdy7z1+xJnSjvNppZaWV1bX0uuZjc2t7R17d6+qwlgSWiEhD2Xdx4pyJmhFM81pPZIUBz6nNX9wMfZrN1QqFoprPYyoF+CeYF1GsDZS2z5oqjhoJ+zMHbUEIi2Wb0Ysf9tihULbzjpFZwK0SNwZyZZy3x9fAFBu2+/NTkjigApNOFaq4TqR9hIsNSOcjjLNWNEIkwHu0YahAgdUecnkhxHKGaWDuqE0JTSaqL8nEhwoNQx80xlg3Vfz3lj8z2vEunvqJUxEsaaCTBd1Y450iMaBoA6TlGg+NAQTycytiPSxxESb2DImBHf+5UVSPS66TtG9crOlc5giDYdwBHlw4QRKcAllqACBO3iAJ3i27q1H68V6nbamrNnMPvyB9fYDmBGZyQ==</latexit><latexit sha1_base64="aH7+pKOCgobJORBUEbRS90csACc=">AAACA3icbVDLSsNAFJ34rPEVdaebwVJoNyVxoxuh6MZlBfuAJg2T6aQdOpmEmYlYQsGNn+HWjQtF3PoTbtQPce/0sdDWAxcO59zLvfcECaNS2faXsbC4tLyymlsz1zc2t7atnd26jFOBSQ3HLBbNAEnCKCc1RRUjzUQQFAWMNIL++chvXBMhacyv1CAhXoS6nIYUI6Ul39p3ZRr5GT11hm0OcZsW3YQWb9q0VPKtvF22x4DzxJmSfKXw/flxb3arvvXudmKcRoQrzJCULcdOlJchoShmZGi6qSQJwn3UJS1NOYqI9LLxD0NY0EoHhrHQxRUcq78nMhRJOYgC3Rkh1ZOz3kj8z2ulKjzxMsqTVBGOJ4vClEEVw1EgsEMFwYoNNEFYUH0rxD0kEFY6NlOH4My+PE/qR2XHLjuXTr5yBibIgQNwCIrAAcegAi5AFdQABrfgATyBZ+POeDRejNdJ64IxndkDf2C8/QD08prO</latexit><latexit sha1_base64="aH7+pKOCgobJORBUEbRS90csACc=">AAACA3icbVDLSsNAFJ34rPEVdaebwVJoNyVxoxuh6MZlBfuAJg2T6aQdOpmEmYlYQsGNn+HWjQtF3PoTbtQPce/0sdDWAxcO59zLvfcECaNS2faXsbC4tLyymlsz1zc2t7atnd26jFOBSQ3HLBbNAEnCKCc1RRUjzUQQFAWMNIL++chvXBMhacyv1CAhXoS6nIYUI6Ul39p3ZRr5GT11hm0OcZsW3YQWb9q0VPKtvF22x4DzxJmSfKXw/flxb3arvvXudmKcRoQrzJCULcdOlJchoShmZGi6qSQJwn3UJS1NOYqI9LLxD0NY0EoHhrHQxRUcq78nMhRJOYgC3Rkh1ZOz3kj8z2ulKjzxMsqTVBGOJ4vClEEVw1EgsEMFwYoNNEFYUH0rxD0kEFY6NlOH4My+PE/qR2XHLjuXTr5yBibIgQNwCIrAAcegAi5AFdQABrfgATyBZ+POeDRejNdJ64IxndkDf2C8/QD08prO</latexit><latexit sha1_base64="PMlJ5xVSCnT01MDHHU1w1qEGTCg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBah3ZTEjW6EohuXFewDmjRMppN26MwkzEzEEgpu/BU3LhRx60+482+ctllo64ELh3Pu5d57woRRpR3n2yqsrK6tbxQ3S1vbO7t79v5BS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdD312/dEKhqLOz1OiM/RQNCIYqSNFNhHnkp5kNFLd9ITEPdoxUto5aFHq9XALjs1Zwa4TNyclEGORmB/ef0Yp5wIjRlSqus6ifYzJDXFjExKXqpIgvAIDUjXUIE4UX42+2ECT43Sh1EsTQkNZ+rviQxxpcY8NJ0c6aFa9Kbif1431dGFn1GRpJoIPF8UpQzqGE4DgX0qCdZsbAjCkppbIR4iibA2sZVMCO7iy8ukdVZznZp765brV3kcRXAMTkAFuOAc1MENaIAmwOARPINX8GY9WS/Wu/Uxby1Y+cwh+APr8wdzdJa3</latexit>



• No polynomial reduction exists 
• NP-hard even in tabular MDPs 
• ERM also NP-hard — “absorbs” hardness? 
• Common oracles are efficient in the tabular case 

i.e., |X| has finite cardinality, Π = X → A 
• More recent advances: sample & computationally efficient alg for: 

• linear MDPs (see upcoming lectures) 
• “block MDPs” (see previous “visual gridworld” example): latent-

state decoding 
• Check out COLT’21 tutorial: https://rltheorybook.github.io/

colt21tutorial

Computational Efficiency 
[Dann+JKALS, arXiv’18]
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https://rltheorybook.github.io/colt21tutorial
https://rltheorybook.github.io/colt21tutorial


Detailed Analysis (with Statistical Errors)
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= x

B (Bellman rank)

B=2

ε’ controlled by 
sample size

>ε’ >ε’ >ε’

4ε’
⟨     ,    ⟩
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πt-1πt-1

f

f



inefficient exploration 
• new distribution is similar 

to previous ones 
• area of while space 

shrinks slowly

efficient exploration 
• new distribution is different 

from previous ones 
• area of while space 

shrinks quickly

algorithm

analysis
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ft πt



Adaptation of [Todd,1982]:  
Ellipsoid volume shrinks exponentially if 

 |⟨     ,     ⟩|                         2ε’

controlled by sub-optimality controlled by sample size

� 3
p
M ⇥

4ε’4ε’

B=2
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